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THE EIEKAm iKIEGBAI,
The Elemazm I n t e g r a l  i s  o f  i n t e r e s t  n o t  o n ly  from  an h i s t o r i c a l  
p o in t  o f  T ie e . f o r  i t  s t i l l  p o s s e s s e s  g r e a t  im portance in  A n a ly s is  and 
c o n tin u e s  to  he th e  b a s i s  tqpon u h ic h  p r a c t i c a l  a p p l ic a t io n s  o f  the In ­
t e g r a l  C a lc u lu s  r e s t .  I t  i s  d e f in e d  a s  f o l lo w s :  L et ( a ,b )  be a  c lo s e d  
in t e r v a l  upon w hich a  fu n c t io n  f ( x )  i s  d e f in e d ,s in g le - v a lu e d ,a n d  bound­
e d . L et TTr stand f o r  azrv p a r t i t i o n  o f  ( a ,b )  by th e  p o in t s  a  ■»
 x ^ — b such th a t  th e  numbers =& x , -  a ,  a  x ^ -  x ^ , ----- ,
= b -  x ^ _ | are  each  n u m e r ic a lly  l e s s  than  or  eq u a l to  cT m L et
be a  s e t  o f  p o in t s  on th e  c lo s e d  in t e r v a l s  (x ^ ,x , ) , ( x ,  ,x^ ) ,
 , lx ^ _ ,  ,x ^ ) ,a n d  l e t  ( f , ) A , k ~  ^
I f  th e  m any-valued fu n c t io n  o f  <T ,  3  /■ «approaches a  s in g le  l im i t i n g  
v a lu e  a s  approaches a e r o ,th e n  -fCx) .
The c l a s s  o f  in te g r a b le  f u n c t io n s  i s  very  la r g e .  The i n v e s t ig a ­
t io n  o f  the c o n d it io n s  o f  i n t e g r a b i l i t y  i s  c o n s id e r a b ly  s im p l i f ie d  by 
the in tr o d u c t io n  o f  in t e g r a l  o s c i l l a t i o n . On a%  ̂ c lo s e d  in t e r v a l  ( a , b ) ,  
f ( x )  h a s a  l e a s t  upper bound B and a  g r e a t e s t  low er  bound A . I f  
B-A =r i s  m u lt ip l ie d  by the le n g th  o f  the in t e r v a l  Â.K ■= | b -a  | , i t
g iv e s  the a rea  o f  a  r e c ta n g le , in c lu d in g  th e  graph o f  f ( x ) .  I f  th e  i n t e r ­
v a l i s  su b d iv id ed  by a p a r t i t i o n  7T ,th e  sum o f  the p r o d u cts  l -d x l  ^ ^  
on th e  in t e r v a l s  o f  th e  p a r t i t io n  i s  c a l le d  the in t e g r a l  o s c i l l a t i o n  o f  
f ( x l  f o r  the p a r t i t i o n  tt .and i s  d en oted  by 0 ^  . I f  we c a l l  th e
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d if f é r e n c e  betw een  th e  upper and lo w er  bounds o f  f ( x ]  on th e  c lo s e d  in ­
t e r v a l s  X * ) , we haves
O t j  =  I I - f  t 4- - - - - - - - - - - +
THEQBiag I t I f  JSjr and S 'n  are  two sums (form ed by u s in g  d i f f e r ­
e n t  ) on th e  same p a r t i t io n , t h e n  / ^  ^  I ^  ^ i r  '
■KfiQQ?* —̂ 71 -  ^ '^ n  ” '
is„.s'„i = 2  -^(K)i i^.xi.
But / 'ff§,g.) ~~fCSlc^ I % A  by d e f i n i t i o n  o f  ^ ^  .  T h erefore
I =  ^  t f '   ̂ o*" ! n  '  ^  -n I =  ^  n  '
TKüOBcM Z i I f  zr, i s  a  r e p a r t i t io n  o f  n  . th e n  I
PROOFt Any in t e r v a l  A i s  composed o f  one or more in t e r v a l s  
4  X ♦ . e t c ,  o f  tt, . and th e se  c o n tr ib u te  to  th e  term s
A*^x  -t- A  j(. X - t  -  - -  - -  The co rr esp o n d in g  term
o f  - 5  ^ i s  ^  f  +
/ - tC S t t : )  f  ^ f  ̂  )  I =  A  /Ç ^  ‘ T h erefo re  the d i f f e r e n c e  betw een
th e  co rresp o n d in g  term s g iv e n  above i s  l e s s  than  or eq u a l to
y  I A  ^  i^X  - f  I =  ^  f  ÿ  I ^ é ç  ^ I •
Then { S  ^  -  S  j  =  ^  ^  ^ ^j
or I'^ /T  -  i — ^ 7 1  *
THBORÆ 3 : R very fu n c t io n  th a t  i s  c o n tin u o u s  on a  c lo s e d  in ­
t e r v a l  ( a .b )  i s  in te g r a b le  on ( a . b ) .
PROOFs I f  f ( x )  i s  in t e g r a b le ,t h e n  J '  «  A. *v^  by
^ /'•ra
d e f i n i t i o n .  V»e know th a t  f o r  a i^  fu n c t io n  4 *^  ap p roaches a t  l e a s t  one 
v a lu e  ( c a l l  i t  # )  a s  /" app roaches z e r o  by th e  th e o re m ," If  f ( x )  i s  any
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f o n o t lo n  â e f ia e d  f o r  any s e t  o f  m hioh jg i s  a  l i m i t  p o in t , t h e n  th e r e
i s  a t  l e a s t  one v a lu e  approached hy f ( x )  a s  % if  j&K Suppose th e r e  i s
_ _ __ ^ a n o th er  v a lu e  ap p roach ed . C a ll  i t  G,and suppose P> G, L et
For e v e z y  /*  th e r e  e x i s t s  an S p  such  th a t  I — Z ) /  < 6  and such
th a t  th e  co rresp o n d in g  h a s  i t s  l a r g e s t  X C  cT ,  There a l s o  m ust
be an <5o> such th a t  I ~~ O'I and such th a t  th e  c o rr esp o n d in g  7T a.
h a s  i t s  l a r g e s t  A. X <. c T L et rr be a  p a r t i t i o n  made up o f  the
p o in t s  o f  TTp and TT q. ,and l e t  6» be one o f  the c o rr esp o n d in g  sum s.
Then I S — S qtI ^  I A  — S ^  I %  O  b ecau se  77 i s  a
r e p a r t i t io n  o f  b o th  77̂  and 'TT q. • The theorem  o f  u n iform  c o n t in u it y
s t a t e s  th a t  i f  a  fu n c t io n  i s  c o n tin u o u s  on a  c lo s e d  in t e r v a l  ( a ,b ) , t h e n
f o r  e v er y  ^  > 0  th e r e  e x i s t s  a  / p >  o  such th a t  f o r  any two v a lu e s  o f  x ,
X , and X  ̂ ,o n  ( a ,b l  where /   ̂ j  I ^  .
S in ce  f ( x j  i s  c o n t in u o u s , can  be so c h o sen  th a t  i f  any two v a lu e s  o f
X  d i f f e r  b y  l e s s  than  < /p ,th e  c o rr esp o n d in g  v a lu e s  o f  f ( x )  d i f f e r  b y
l e s s  th an  J^TXi • S in c e  the ^ on th e  p a r t i t i o n s  TTp and t t ^  are a l l
l e s s  than ,t h e  c o rr esp o n d in g  ^ ^ y i » a r e  a l l  l e s s  than  • %e
have then* ^  ^  /  /^ ? T /  *
T h erefore  O  ^
• we have th e n :
by d e f i n i t i o n  o f  v a lu e  approached
B ut ^  A
kc /  ^ A — h  —
S im i la r ly  0 <  ^
1 D -  S J < e
1 S q ,  — < ?  / < e
< 6-
1 S  -  S J < <e*
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H w  r e fo r e  But t h i s  o o n t r a d io t s  th e  s ta te m en t th a t
û  -  û-
^  ^  ^  • Henoe th e  s u p p o s it io n  th a t  f ( x }  I s  n o t In te g r a b le  d o es
n o t  h o ld *
THEOEtJg 4 s liv ery  n o n - o s o i l la t l n g  bounded fu n c t io n  I s  I n te g r a b le *  
■PBOOF; The p r o o f I s  I d e n t ic a l  w ith  th a t  o f  the p r e c e d in g
theorem  through the s ta te m e n ts  i S  ^  'S  c> ) =  ^  ” q-
^  n ̂  * F e x t  ue l e t  U  and L . be th e  uppe r and
lo v e r  bounds o f  f ( x l *  t T  can be ch osen  to  eq u a l • Then
A ^  ^b ecau se  'V d  d  .S in c e  f ( x )  i s  n o n - o s c l l l a t ln g  '<^ir^ ^  •
T h erefo re  <  ( l / - L  c f  . S im ila r ly  <  6  .
So a g a in  v e  h a v e: I O  — / <  6  ^ I ' S O - 1  <  ^ j
I S \  < ] S  -  <  ^  ,
T h erefo re  / 2) -  (r ) <  4  6  .  T h is  c o n t r a d ic t s  the sta tem en t
th a t  6  =  J? * Our c o n c lu s io n  I s  th a t  th e  n o n - o s c l l l a t ln g
bounded fu n c t io n  f ( x )  i s  I n t e g r a b le .
The lemmas w hich fo l lo w  are needed f o r  th e  p r o o fs  o f  theorem s  
w hich g iv e  c o n d it io n s  o f  I n t e g r a b i l i t y .
LEMMA. I ; I f  7T, I s  a  r e p a r t i t io n  o f  TT . th e n  f o r  any fu n c t io n  
bounded on a c lo s e d  I n te r v a l  ( a .b j  Ojr^ =  •
gBQQg; Any in t e r v a l  J  ^ X o f  TT i s  composed o f  one or  more In -
j / M .
te  r v a l 8 / i  ^  X  ̂ ^  . e t c .  o f  JT, .and th e s e  c o n tr ib u te  to  th e
term s / ^  ^ f  j /d  ̂ ^ - t  / xd ^ ^  -f. _   The co rresp o n d in g
term  o f  6^  I s  I K I ^  I 14 ^  x l  ^  - Eadh o t
th e  term s ^  ^  ®tc* I s  l e s s  than  o r  eq u a l to
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
$ ith e r e fo r e  % I  ^  ^ ----------  i e  l e s s  than  o r
eq u a l to  f ^  ^ x  f ' Henoe ^  n  •
LEMMA 2 t I f  7T@ i s  az^ p a r t i t i o n  o f  th e  c lo s e d  I n te r v a l  ( a , h ) ,
and €f, any p o s i t i v e  num ber,then  f o r  any bounded fu n c t io n  th e r e  e x i s t s  a  
number cT̂  such th a t  f o r  e v e r y  p a r t i t i o n  7T whose g r e a t e s t  I s  l e s s
than  c /;   ̂ ^  Wo ^  ^  O ^
PROOFt I f  TTo h a s  m f  \ p a r t i t i o n  p o i n t s ,  can be ch osen  to  
eq u a l where R  i s  th e  o s c i l l a t i o n  o f  th e  fu n c t io n  on ( a , b ) .  There
are  a t  m ost /n»i in t e r v s d s  o f  7Î w h ich  c o n ta in  a s  i n t e r io r  p o in t s  the  
p o in t s  o f  TTù • L e t d en o te  th e  le n g t h s  o f  th e se  in t e r v a l s  o f  t t  ,
and th e  le n g th s  o f  th e  in t e r v a l s  o f  tt w hich c o n ta in  a s  i n t e r i o r
p o in t s  no p o in t s  o f  7 7 ^ .
Then 0 „  =  f -  ) A , x ]  - t  ^  I A f X /  A j f  ■
I f  7T* i s  a  r e p a r t i t io n  o f  TT  ̂ , o b ta in ed  by in tr o d u c in g  the p o in t s  o f  
TT ,th e n  ^  ( A j K  I J  ^  i s  a  su b s e t  o f  th e  term s whose sum 
i s  ^ 71- •  H en ce,by  th e  p r e c e d in g  Lemma^ ^  y  S  0^ >  % ôjr^ .
S in c e  / 4 ^ x 1  §  y; = ; f  < 6 ^
^  \ ^
^  I ^
A dding Oj^ %  •
T^vmu 3» I f  y j  i s  any p a r t i t i o n ,  ôyf i s  th e  l e a s t  upper bound 
o f  the e x p r e s s io n  .JS ^ — %S ^ ,w here and Sj^  may be any two
v a lu e s  o f  c o rresp o n d in g  to  d i f f e r e n t  c h o ic e s  o f  the ^  ^  •
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PBOQPi We may aseiane e v e r y  A ^ x  to  be p o s i t i v e *
X h e n  S  =  B  I rr "^tr I  •
B»t S ^ r  ^  â f Î  f 8
•a a  B =  f  f  ^  i  8  ^  f< tJ j  J » A - .
Ihaw fore S-^n- ~  S  ^tr ~ ^ ,  f  ^  f  ~ -ë  .a^if
- 4 ,  =  ‘̂ 'T  •
g e sa* " e  — -5rt- }  =  O  „  .
mEQHEai 5 t  A Zkeoesmary and s u f f i o i e n t  o o n d it io n  th&t a  fo n o t io n  
f(zX  ^ d e f in e d # s in g le -g a in e d ,a n d  botmded on a  o lo s e d  in t e r v a l  (a$b ) ^ s h a ll  
be in te g r a b le  on (a»b ) i s  th a t  th e  g r e a t e s t  lo v e r  bound o f  f o r  t h i s
fu n c t io n  s h a l l  be s e r o ,
PROOP 1 We s h a l l  suppose th a t  f ( z )  i s  in t e g r a b le .  Then 
/  -f- C xy  f  L. '^ J ‘ • We th en  make u se  o f  th e  theorem  v h io h
s t a t e s ," *  n e c e s s a r y  and s u f f i c i e n t  c o n d it io n  th a t  f ( z )  s h a l l  con verge to  
a  f i n i t e  l i m i t  a s  X A  i s  th a t  f o r  e v e r y  £: > ù th e r e  s h a l l  e x i s t  a
such th a t  i f  A , and X ^are any two v a lu e s  o f  X in  ^ « ^ ,th e n
I — -f f  <  & V From t h i s  we con c lu d e  th a t  f o r  e v e r y  ^
th e r e  e x i s t s  a  ^  such  th a t  f o r  e v e r y  ^  ^  and
\ I f T T i s a  p a r t i t i o n  whose in t e r v a l s  are
a l l  l e s s  than cT^ , th e n  I rr "  tt  i  ^  ^  f o r  e v e r y  -5^ and ,  T h is
i n ^ l i e s  th a t  <  €r ,  But i f  f o r  e v e r y  6  th ere  e x i s t s  a  n  su ch  %
th a t  O  ^ #  6  , th e n  §L O jf  =  O  .  K ext we p rove th a t  i f  th e  low er  
bound o f  0 ^  i s  z e r o  th e  fu n c t io n  f ( x )  i s  in te g r a b le #  For any p o s i t i v e  
q u a n t ity  Q  th e r e  e x i s t s  a  p a r t i t i o n  ir^  su ch  th a t  0^^  <  • By
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7
Lemna Z th e r e  e x i s t s  a  ^  suoh th a t  f o r  e v e iy  tt « h o se  i n t e r v a l s  a r e  
z n m e r la a lly  l e s s  than   ̂ ^  ^  ^  . Let^i'^r^'
and he any t« o  v a lu e s  o f  «5^  and l e t  yr'^  he th e  p a r t i t i o n  oon^osed
o f  th e  p o in t s  o f  h o th  and .  Then f o r  any v a lu e  o f w e  have
< & , l ^ ’rf  -Sr •
T h erefo re  /  — '-5 /r "  / <  6-, Henoe f o r  e v e r y  6  u e  have a
suoh th a t  f o r  ev ery  two v a lu e s  o f
T h is  Im p lie s  th e  e x is t e n c e  o f  «r (h y  th e  theorem  quoted ah ove)*
The sta te m en t w hich  f o l lo w s  e x p la in s  th e  m eaning o f  a  term  to  
he u sed  In  th e  n e x t  th eorem . For e v e r y  v a lu e  o f  /"  >  a th e re  I s  an In­
f i n i t e  s e t  o f  p a r t i t i o n s  tT  , f o r  w hich  th e  l a r g e s t  x  i s  l e s s  than  0^  
and f o r  ea ch  o f  th e se  th e r e  i s  a  v a lu e  o f  # I f  s ta n d s  f o r  any  
such ^ fr  « th en  l e a  m a z^ v a lu e d  fu n c t io n  o f  0^ .
J2gg££S2âC 6 :  A n e c e s s a r y  and s u f f i c i e n t  c o n d it io n  th a t  a  fu n c t io n
f ( x )  d e f in e d  « s in g le -v a lu e d  «and hounded on a  c lo s e d  I n te r v a l  (a«h ) he i n -  
te g r a h le  on (a«h j I s  th a t  ^  »
PROOF» To p rove th e  c o n d it io n  n e c e s s a r y  we suppose f ( x )  to  be
I n te g r a b le .  Then O (by  th e  p r e c o d in g  th eo rem ). Hence f o r  e v e r y  ^
th e r e  e x i s t s  a  p a r t i t i o n  rr  such th a t  O-i^ <  <  ̂ • By Lenma Z th e r e  
e x i s t s  a  suoh t h a t  f o r  e v e r y  tt  ̂whose g r e a t e s t  J  < I s  l e s s  than  
6 ) ^ /  <  O  ̂  f  é  <C -2 ^  . Hence ^  ‘
We n e x t  p rove th e  c o n d it io n  s u f f i c i e n t .  S in c e  ^ ^  jd -^e
and ^  ^  ^ Æ  O ^  %=. d ) , Hence th e  fu n c t io n  I s  I n te g r a b le
hy the p r e c e d in g  theorem .
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TOgmtîaf 7 :  a  n eo esa a x y  and e u f f i o ia n t  o o n d it lo n  th a t  a  f u a o t io n ,
d « fin a d « sin g ile* v a lu 6 d ,a a d  botmded on a  o lo s e d  I n t e r v a l  (a»h ) s h a l l  be 
in t e g r a b le  on (a^b) i s  th a t  f o r  e v e r y  p a ir  o f  p o s i t i v e  numbers ^  and X  
th e r e  e x i s t s  a  p a r t i t i o n  7T suoh th a t  th e  sum o f  th e  le n g th s  o f  th o se  
in t e r v a l s  on w hioh th e  o s c i l l a t i o n  o f  th e  f u n c t io n  i s  g r e a te r  th an  ^  i s  
l e s s  than  A. •
PBOQPa Suppose th a t  f o r  a  g iv e n  p a ir  o f  p o s i t i v e  numbers a~ and 
A th e r e  e x i s t s  no suoh 77  a s  i s  req u ired  by th e  theorem# Then ^  ^  
f o r  e v e r y  77 # But t h i s  i s  c o n tra r y  to  th e  c o n c lu s io n  o f  Theorem 5 th a t  
^  0 J- -=i Û , The c o n d i t i o n , t h e r e f o r e , i s  n eo essa x y #
I t  rem ains to  prove th e  o o n d it io n  i s  s u f f i c i e n t #  F or a  g iv e n  
6  o  ue may ch oose  and A  so  th a t  «r* (Tb and A
« h ere  ^  i s  th e  o s c i l l a t i o n  o f  th e  fu n c t io n  on ( a ,b ) «  L et 77 be a  p ar­
t i t i o n  such  th a t  th e  sum o f  th e  le n g th s  o f  th e  in t e r v a l s  on w hich  th e  
o s c i l l a t i o n  o f  th e  fu n c t io n  i s  g r e a te r  than  tr' i s  l e s s  than À # Then 
th e  sum o f  th e  term s o f  ^/r w h ich  occu r  on th e s e  i n t e r v a l s  i s  l e s s  than  
X '  ,and th e  sum o f  th e  term s o f  ^/r on th e  rem ain in g  i n t e r v a l s  i s  
l e s s  than  T h erefo re  O j j - <  X  ' R  - t  cf" C à  -  A )  <  6 - .
Hence ^  ^  n  — ^  • B h ere f ore th e  in t e g r a l  e x i s t s #
D e f in i t io n .  The c o n te n t  o f  a  s e t  o f  p o in t s  C*fJ on a  c lo s e d  in ­
t e r v a l  ( a ,b )  i s  a  number C L kJ  d e f in e d  a s  f o l lo w s :  L et -rr be any p a r ­
t i t i o n  o f  ( a ,b ) ,n o n e  o f  th e  p a r t i t i o n  p o in t s  o f  w hich are p o in t s  o f  Cx J , 
and J)jf th e  sum o f  the le n g th s  o f  th o se  i n t e r v a l s  o f  TT w hich  c o n ta in  
p o in t s  o f  a s  i n t e r i o r  p o in ts #  Then M  ^  rr ~
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THitnBKif a» À n a o a ssa r y  and s t i f f i o la n t  c o n d it io n  th a t  a  f tm o t lo n  
d e f in e d , s ln g la -v a ln a d $ a n d  hounded on a  o lo s e d  I n te r v a l  ( a ,b )  s h a l l  be 
In te g r a b le  on (a*b ) I s  th a t  f o r  e v e r y  <9̂  ^  o  th e  s e t  o f  p o in t s  a t
u h lo h  th e  o s c i l l a t i o n  o f  f ( x )  i s  g r e a te r  th an  o r  eq u a l to  ^  s h a l l  be o f  
c o n te n t  s e r o .
PBOQPî To show th a t  th e  c o n d it io n  I s  n e c e s s a r y * le t  u s  c o n s id e r  
th e  s e t  a t  w h ich  the o s c i l l a t i o n  o f  f ( x )  ^  «r— • I f  an  I n te r v a l
c o n ta in s  a  p o in t  o f  L^»rJ w it h in  I t , t h e  o s c i l l a t i o n  o f  f  (x )  In  th e  In­
t e r v a l  I s  g r e a te r  than  or e q u a l to  « I f  a  p o in t  o f  I s  th e  common
e n d -p o in t  o f  two I n t e r v a ls  o f  e q u a l le n g t h ,t h e  o s c i l l a t i o n  o f  f ( x )  In  a t  
l e a s t  one o f  th e s e  I n t e r v a ls  I s  g r e a te r  than  or  eq u a l to  x  Hence 
the p a r t  w hich th e s e  two I n t e r v a ls  c o n tr ib u te  to  I s  "È- ^  A x  • 
I f  we have a  p a r t i t i o n  o f  ( a ,b )  w ith  e q u a l i n t e r v a l s , t h e  c o n tr ib u t io n  o f  
a l l  th o se  I n t e r v a ls  w hich  c o n ta ln ,w lth ln  them o r  a t  an e n d -p o in t ,a  p o in t  
o f  [% « ^ j ,ls  n o t  l e s s  th an  th e  p ro d u ct o f  ^«r-and th e  sum o f  th e  le n g th s  
o f  th e s e  I n t e r v a l s .  U n le s s  th e  c o n te n t  o f  I s  s e r o , t h e  sum o f  the
le n g th s  o f  th e se  I n t e r v a ls  i s  g r e a te r  than  some f ix e d  p o s i t i v e  number 
f o r  a l l  th e  p a r t i t i o n s  o f  a  sym w trlca l sy s te m . I t  I s  th e r e fo r e  n e c e s s a r y  
f o r  th e  e x is t e n c e  o f  th e  in t e g r a l  th a t  th e  c o n te n t  o f  sh ou ld  be
s e r o .
I f  a t  e v e r y  p o in t  o f  a  c lo s e d  I n te r v a l  ( c , d ) , t h e  o s c i l l a t i o n  o f  
f ( x )  I s  l e s s  than ^  ,th e n  about ea ch  p o in t  o f  (o ,d }  th e re  I s  an open  
I n te r v a l  upon w hich  th e  o s c i l l a t i o n  I s  l e s s  than  ^ .  T h erefore  th e r e  I s  
a  p a r t i t i o n  o f  ( c ,d )  xqpon ea ch  in t e r v a l  o f  w h ich  th e  o s c i l l a t i o n  o f  f ( x )
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Ifi l e s s  than o -  a  theorem  v h lo h  e ta te s« * * If  a  o lo se d  in t e r v a l  ( a ,b )  
i s  o o rered  by a  s e t  o f  open I n t e r v a ls  £ < r -J ,th e n  ( a ,b |  may be d iv id e d  
in t o  n  e q u a l in t e r v a l s  suoh th a t  ea ch  i n t e r v a l  i s  e n t i r e l y  v i t h i n  a  ^
To p rove  th e  o o n d it io n  s u f f i o i e n t  u e  n o te  th a t  i f  th e  o o n te n t  o f  
«yj i s  s e r o # th e r e  e x i s t s  f o r  e v e r y  X  a  p a r t i t i o n  t t  suoh th a t  th e  
sum o f  th e  le n g th s  o f  th e  i n t e r v a l s  o o n ta in in g  p o in t s  o f  i s  l e s s
than  A. • We have j u s t  p o in te d  o u t  th a t  th e  in t e r v a l s  v h io h  do n o t  con­
t a in  p o in t s  o f  can  be r e p a r t i t io n e d  in t o  in t e r v a l s  on v h io h  th e
o s c i l l a t i o n  i s  l e s s  th an  * Henoe th e  f u n c t io n  I s  in te g r a b le  by  
Theorem 7 .
The theorem s v h lo h  f o l l o v  s t a t e  th e  p r o p e r t ie s  o f  d e f i n i t e  in ­
t e g r a ls #
THZOHai 9 : I f  & < o ,a n d  i f  a  bounded fu n c t io n  f ( x j  i s  i n t e g ­
r a b le  from  a  to  a # th e n  i t  i s  in te g r a b le  from  a  to  ^ and from  b to
PROOF* Suppose f ( x )  i s  n o t  in te g r a b le  from  a  to  b# Then th e re  
m ust be a  s e t  o f  v a lu e s  o f   ̂ C J  suoh th a t  rr /J #
and a n o th er  s e t  J  suoh th a t  ^  * v h io h  i s
n o t  eq u a l to  >4 • W hether -f  e x i s t s  o r  n o t , t h e r e  m ust be a
C C C. y
s e t  o f  v a lu e s  o f   ̂ suoh th a t  “  C  • For e v e r y
V  ' *-c ' ^and th e r e  i s  a  suoh th a t  t  r  •
T h erefo re  i s  a  v a lu e  approached by .  S im ila r ly  v e  can  p rove
th a t  B-i-C i s  a  v a lu e  approached by • But v e  knov th a t  ^,-5 / •  h a s
o n ly  one v a lu e  approaohed b ecau se  i t  i s  g iv e n  th a t  f ( x )  i s  in te g r a b le
from  %. to  a* Henoe f  4 ^ 6 c )^  m ust e x i s t .  S im i la r ly  e x i s t s .
a A
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TffEOTcaf l û i  I f  @L < b < o and i f  a  bounded fu n c t io n  f ( x )  i s  in ­
te g r a b le  from  & to  b and from  t  to  g # th en  f ( x )  i s  in te g r a b le  from  a to  g
and J  -PC x-)dtL . = J ~  .
** * ^ ,  c
PROOF : S in c e  ^  and J  e x is t^ v e
knov by a  theorem  (A n e c e s s a r y  and s u f f i c i e n t  c o n d it io n  th a t  f ( x )  s h a l l
converge to  a  un ique l i m i t  Jb a s  x  ap p roaches a  i s  th a t  f o r  e v e r y
th e r e  s h a l l  e x i s t  a  V  su ch  th a t  f o r  e v e r y  x  i n  l / ^ * ) , f ( x )  i s  i n
t h a t  f o r  e v e r y  6  t h e r e  e x i s t s  a  s u o h  t h a t  f o r  e v e r y  v a , lu e  o f
ishere /"  ^   ̂ ^  ^  " 3  Ci)
a n d  a l s o  a  s u o h  t h a t  f o r  e v e r y  v a l u e  o f  ^ S / -  where ^  ~  cT̂  ,
I — y  /^c'yj ] < % la)
I f  th e  upper bound o f  f i x )  on l a , c )  i s  U  and i t s  lo v e r  bound L. , l e t
' -L J  »and l e t  ^  be s m a l l e r  t h a n  t h e  s m a l l e s t  o f  
gT «/%. ' * C o n sid er  a n y  v a l u e  o f  .  I f  t h e  p o i n t  ^  i s  o n e  o f
t h e  p a r t i t i o n  p e i n t s , t h e n  i s  t h e  sum o f  one v a lu e  o f  a n d  one
v a lu e  o f  m I f  Jb i s  n o t  a  p a r t i t i o n  p o i n t , l e t  be th e  le n g th  o f
c 6^
th e  in t e r v a l  o f  ^TTj' th a t  c o n ta in s  Then f o r  a  p r o p e r ly  ch osen
and J S x -  .  / J- ~  C Ü -  U )  <  %• C ^)
By com bining ( I ) , ( 2 ) , and (3 }  v e  o b ta in  the r e s u l t  th a t  f o r  e v e r y  Gr
t  t  * c
th e r e  e x i s t s  a  such  th a t  f o r  e v er y   ̂ 6 .
T h erefo re  a.-^ y  “  J " C y ) duĈ  ,
/ - ¥ o  ^
THEORY IIJ  i f  J " e x i s t s , t h e n  J '  e x i s t s
and y  -  — ' J  ( y J  .
r
PROOF I P gr e v e r y  ^  used  in  d e f in in g  J  th e re
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c o rresp o n d s a  sum eq u a l t o  — v h io h  i s  u sed  in  d e f in in g  M  •
S im i la r ly  to  e v er y  ' u sed  in  d e f in in g   ̂ <7Ct£- th e re
co rresp o n d s a  sum eq u a l t o  —«S u sed  in  d e f in in g  ^  •
Hence th e  fu n c t io n  u sed  in  th e  d e f i n i t i o n  o f  ^  -fiC yJ  i s
th e  n e g a t iv e  o f  th e  fu n c t io n  S / -  u sed  in  th e  d e f i n i t i o n  o f  J  •
By a  theorem  v h ic h  s ta t e s ^  C~ j
THaOBûM 12: I f  any tv o  o f  th e  f o l lo w in g  in t e g r a l s  e x i s t , s o  d o es
th e  th ir d ,a n d  f  j c C x -  =  /  6 r J  ^at  ̂ *•■
gRQQP: 93ii6 i s  e v id e n t  from  Theorems 9 , 1 0 , and I I ,
THBORiJC 1 5 1 I f  ^  e x i s t s . t h e n  V
e x i s t s  and th e  two are  e q u a l ,
PBOOF: (Bhis f o l lo w s  a t  once from  th e  d e f i n i t i o n s  o f  th e  in ­
t e g r a l s  a s  th e  l i m i t s  o f  sum s,
TminiRar 14* i f  f ( x )  i s  in te g r a b le  from  & to  b ,th e n  ) f ( x )  ) i s  
in t e g r a b le  from  a  to  b and f ' f C x ) X ^  / % J -fi-Cx)J .
PBOOf*» The o s c i l l a t i o n  o f  / f ( x ) (  in  any in t e r v a l  can n ot exceed  
th a t  o f  f ( x )  in  th e  same i n t e r v a l .  Hence s in c e  o f  f ( x )  h a s  th e  l i m i t  
s e r o ,  o f |f ( x J i |  a l s o  h a s  th e  l i m i t  s e r o .  That i s ,  _ 5  0 ^  I 'f'Cx') I — O .  
T h is  im p lie s  th e  i n t e g r a b i l i t y  o f  | f ( x ) | .  A lso  & / 1 /
Henoe f o r  e v e r y  i I  th e r e  i s  a  sn m lle r  or  eq u a l ^ f ) , th e  b e in g  
th e  sam e. T h erefore  L- -5 ,  /  -fCy)  | ^  -f^x) I ,o r
 ̂ J" -¥ Ü
j  f  I X J ' ^ I  f'C x) I by th e  theorem  w hich s t a t e s ," I f
-i.Cx) i n  th e  n e i^ b o r h o o d  o f  X s. a . , t h e n  L  ' f .Ct)  % L  -f^Cx)
i f  b o th  l i m i t s  e x i s t ?
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THEOEjM 15: I t  CL i s  any c o n s ta n t  and i f  f ( z )  i s  in t e g r a b le  on
a  o lo se d  in t e r v a l  (a * b )« th e n  C f ( z )  i s  in t e g r a b le  on ( a ,b )  and
-'a
PROOF: sr ^  'f f  i s  an o f  th e  s e t  « h io h
d e f in e s  ^  4- { j r )  ,and S '  — -SI C. f  i t  i s
the co rresp o n d in g  S / -  o f  th e  s e t  « h io h  d e f in e s  ^  C  .H ence
^  C. -f  C y )  =- C  by th e  theorem  w hioh s t a t e s  th a t
Z. C .'^ C y )  =  C L L  ^ C y j ,
'ESKOBm. 16 : I f  f , ( z )  and f ^ ( z )  are  aiQr two fu n c t io n s  ea ch  in ­
te g r a b le  on a  o lo se d  in t e r v a l  (a « b i ,th e n  f ( x )  =  f ,  ( z )  : ± f ^ ( z )  i s  in t e g ­
ra b le  on (a»b{ and ^  ~ f  aCjC. =  j T  7^ C y ) aO ^ ^  ^  .
PROOF: The p r o o f  f o l lo w s  d i r e c t l y  from  the theorem  w hich
s t a t e s , • • I f  C x )  = i> and L  c  6 h , and b e in g« 7 ̂  * y Up ̂  '* ^
f i n i t e , t h e n  f  ^  f . .  J  -  à , :é  h  ^  " ,
THSOR&m: 17 : I f  f , ( z )  and f% (z) are ea ch  in te g r a b le  on a  o lo se d
in t e r v a l  ( a ,b )  and suoh t h a t  f o r  e v er y  v a lu e  o f  z  on ( a ,b )  f \ ( z )  ^  f ,  (z|^
th en  -f. CkJ  "= /L  •^ —
PROOF: S in c e  C y )  f o r  e v e r y  v a lu e  o f  z  on ( a ,b )
th en  i s  a lw ays g r e a t e r  th an  o r  e q u a l to  T h erefore
L  *5, I— - J ,  or  J  <s=  ̂ *= J  C yJ  o C ^  by th e
W o  /~¥0 '*■
theorem ,**lf , ^  in  th e  n e i^ b o r h o o d  o f  z  =  _&$then
L  Cx )  ^  t— C i f  b o th  th e s e  l i m i t s  e x is t .* *
K-f * f  ^ ^
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THBQBiaM 1 8 , (MaximomMlinlanm Theorem)
I f  Cl) th e  p ro d u c t  f ,  (%) f&(%) and the  f a c t o r  f ,  (z)  a re  i n t e ­
g ra b le  on a  c lo sed  i n t e r v a l  ( a , b ) ,
(2) f ,  (x) i s  always p o s i t i v e  o r  always n eg a t iv e  on ( a , b ) ,
(3 )  /V\ and /nt, a re  th e  l e a s t  v^ p er and th e  g r e a t e s t  low er
bounds r e s p e c t iv e ly  o f  fg^ (̂x) on (a * b ) ,  
th en  ^  g
or  /v n .‘ ^  f^ C x )a C ^  %  r  /\A 'f^
't By Theorem 1 5 ,
^ C x J  H>CiL = /  
and /rn . • ^  f .C x J  ^ ^
In  c a se  f , ( x )  i s  a lw ays p o s i t i v e ,
^  • / ,  C jt)  t  C y )  % /V !  ' f ,  C r )  .
H en ce ,b y  Theorem 1 7 ,
y) { jr J x C ti. 5 /Ç  { r j  - ^ f r j  ^  :^^ôrJ^?CyL
and thei^efore
^  • / - C  r  f  -r, f y J  ' ^  5  / H  ^  V ,  C i< J a C y .  .
Mm
S im ila r ly  we can p rove th a t  when f , ( z )  i s  a lw ays n e g a t iv e
As a  c o r o l la r y  o f  the above theorem  we have 
THfiOHiat 19* (H ean -va lu e  Theorem) Under th e  h y p o th e s is  o f  
Theorem 18 th e r e  e x i s t s  a  number /'C , <22?' = / r  ^  yW such  th a t
7̂  M  • 7̂  C r) -Si ix '  f  C y ?  .
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C o r o lla r y .  In  oaee f ^ { z )  i s  o o n tin n o n s ,  th e  re i s  a  v a ln o  S  o f  
X on (a«6} suoh th a t  C r) • ^
I n  o a se  f ,  ( x |  •= I ,  ^  ('r J  ^
and tho  theorem  heoomes th e  f o l lo w in g ;
*mKORr3f 20 ; I f  f ( z )  i s  any in t e g r a b le  f tm o t lo n  on th e  o lo se d  
in t e r v a l  (a»b ) « th ere  e x i s t s  a  number A4 l y i n g  betw een  the iq>per and 
lo w er  bounds o f  f ( x |  on (a ,b }  suoh th a t  'f'C xJaC ^  «  /H  
and i f  f ( x )  i s  o o n tin u o u s* th e r e  i s  a  v a lu e  i  o f  x  on (a«b) suoh th a t
TWRnHRM 21; I f  f , ( x |  and f^ (x ]  a r e  in te g r a b le  on a  o lo se d  in ­
t e r v a l  (a«b ) and suoh th a t  e v e r y  v a lu e  o f  x  on (a«b ) S /-A^Or) ) ,
th en  I f M  /  =  y  I J •
I  ! J  ^  O  s in o e  in  e v er y
in t e r v a l  no v a lu e  o f  i )  I — / Cx") I i s  n e g a t iv e  «and th u s th e
sums o f  w hioh th e  in t e g r a l  i s  th e  l i m i t  a re  a l l  û  * uo know «by
I ^ ^ A
Theorem 14, th a t  / J  -f, ( r j  J ~ ^  I ^  J  (;rj /  .
But
T h erefore  I ^  ^
In  o rd er  to  f a c i l i t a t e  th e  w ord in g  o f  th e  n e x t  theorem  we w i l l
c o n s id e r  a  s e t  o f  p o in t s  X , X  ^ --------  6 on the o lo se d  i n -
t e  r v a l (a « b | suoh th a t  X, -  «L *■ ssl X ^ - X^ -  — 6 - ^  -
Then /V\^ z: ^  ^  'f' )  and we d e f in e  th e  mean v a lu e  o f  f ( x ) «
^ / / ]  -F O )  -=r Z_ i f  t h i s  l i m i t  e x i s t s .  But
-  è _ z i  — -d X . I f  th e  d e f i n i t e  in t e g r a l  e x is t s « w e  may
...11  ;;
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w r ite  L  «J"y- where*  a
^  nx^') ^  ^
T h erefo re  J — ' S ^  =  C s  -  a )  L .  .
THao&ai ZZt In  o a se  th e  I n t e g r a l  o f  f ( x )  e x i s t s  on th e  o lo se d  
in t e r v a l  { a * b l ,  -^ C x )  =  ^
é> —au
gBOOFi L  J  =  ("*-«< -; U  A l ^. /-yd ^  ^  ^ —
or ^  ^ x )  4^^  d  C ^  ^ x  J •
T h erefore  *
T h is  theorem  s u g g e s t s  a  method o f  ap p rox im atin g  th e  v a lu e  o f  a  
d e f i n i t e  in t e g r a l  by m u lt ip ly in g  th e  a v erage  o f  a  f i n i t e  number o f  or­
d in a te s  by 6  a .*
THSOBiiM 2 3 : I f  f ( x )  i s  in te g r a b le  on a  o lo se d  in t e r v a l  ( a « b ) ,
' A ^
and i f  2  i s  any p o in t  o f  (a#b) *th en  ^  -/^CxJaC/ic i s  a  oon tln u ou s
fu n o t io n  o f
y* ^
PHOOPi we know,by Theorem 9 , th a t  . /  e x i s t s .
T h erefore  we need o n ly  t o  show th a t  i_ ’̂ J r^ ù J a C f-)  =  ô ,
By p r e o e d in g  theorem s / àCx'-*)}::
A*—
where ,  ^  s ta n d s  f o r  th e  l e a s t  upper bound o f  f ( x )  on th e  o lo se d  in ­
t e r v a l  ( x , x  } and 2  f o r  th e  l e a s t  upper bound o f  f ( x )  on ( a ,b } .
2  ap p roach es se r o  a s  x ' - ^ x  beoau se  6  i s  a  c o n s ta n t .  T h erefore
y  y
the e x p r e s s io n  j  f  f C x )  <*6/ —f  f-  C x ) e O f  /  app roaches z ero  a s  x  x  
o r  C 'f'Cy) — y/^ f -  f x  J J  ^  ( y  by th e
th e o re m ," If  f ,  (x} and f ^ (x )  are b o th  p o s i t i v e  in  th e  n e l^ b o r h o o d  o f  
X  a  a  end i f  f \ ( x |  = f  ( x } , t h a n  i f  L  f -  C x )  — y  , i t  f o l lo w s-? <JL
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th a t  L / ,  Cj t )  =• Û.
THaOKSM 24s I f  f ( x }  I s  o o n tln u o u s  on a  o lo se d  in t e r v a l  ( a , b ) ,
th en  Cà-<^  y <  4 )  p o s s e s s e s  a  d e r iv a t iv e  w ith  r e b o o t
«i J  X
to  X suoh th a t  j T
PBOOF: S in o e  f ( x l  i s  o o n tln u o u s  on ( a ,b )  i t  i s  in te g r a b le  on
( a ,b ) «  Then by Theorem 23 s in o e  f ( x )  i s  in te g r a b le  on (a*bj 
i s  o o n tln u o u s#  To fo im  th e  d e r iv a t iv e  we o o n s id e r  th e  e s p r e s s lo n
- ( -  - /  a s  .'a p p r o a c h e s  i .  By
th e  m ean -value theorem  j T  f  le) = - f  / /C ^ O j C jc*"  ̂
where f  C**) i s  a  v a lu e  o f  x  betw een  x  and x '  and i s  a  fu n o t io n  o f  x
y '
Prom t h i s ,  ^ f  )  # B ut a s  x   ̂ approaohes x ,  ^
a l s o  approaohes x  and ' / ‘Cî )  approaohes f ( x | .  T h erefore
t'-*K  X'
I f  f ( x )  i s  any o o n tln u o u s fu n o t io n  on th e  o lo se d  
in t e r v a l  ( a ,b ) ,a n d  F (x i  any fu n o t io n  on t h i s  in t e r v a l  suoh th a t
^  ^  C x )  — ,th e n  P (x )  d i f f e r s  from  y a t
m ost by an  a d d it iv e  c o n s t a n t .
PROOF: L et f C x )  — ^  P W a C x  -f- é  [ ^ )  •
S in c e  and ^  are  b o th  d i f f e r e n t i a b l e ,
PC>c) -  ^  ^  C A ^  e^CxJ .
By Theorem 24 ^  c  Henoe ^ ^
T h erefore  <P C r) a  , whence i s  a  c o n s ta n t  by th e  t h t
th e o r e m ," If  f  (x ]  e x i s t s  and i s  eq u a l to  z er o  f o r  e v er y  v a lu e  o f  x  on
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th e  o lo se d  in t e r v a l  (a*b ) , t h e n  f ( x )  i s  a  c o n s ta n t  on t h a t  in te r v a l'* .
THEORalt 26 ; I f  f ( x )  i s  a  o o n tln u o u s  fu n o t io n  on a  o lo s e d  in ­
t e r v a l  ( a .b )  «and F(xJ i s  suoh th a t  ~  C r )  « then
PROOF» By Theorem 25«
B ut =  c* and A V  ^  ^  ^  .
T h erefore  - f  <2. =  from  u h io h  -  ~  ^
Whenoe c j  -zr C ^ J  — •
THSORliM 27» I f  f ,  (x )  and f%,(x) are  b o th  in te g r a b le  on a  o lo se d  
I n te r v a l  (a « b )« th e n  f ,  (x )-f^ C x ) i s  in t e g r a b le  on (a«b ) ;and«provided  
th e r e  i s  a  oo n sta n t  / t^  >  o  suoh th a t  /  /  ->*n >  o  f o r  x  on (a«b )«
th en  I s  in te g r a b le  on ( a « b ) .
PROW: L et f [ x )  =  f) (x )  fj^(x) # By a  p a r t i t i o n  n  d iv id e  th e  in ­
t e r v a l  (a * b i in t o  in t e r v a l s  A x ,K  .  L e t and and / i n j \
and be th e  l e a s t  upper bounds and th e  g r e a t e s t  lo w er  bounds o f  f ,  (x )  
f^ (x ]« a n d  fCx} « r e s p e o t iv e ly « in  eaoh in t e r v a l  .  Then /I f  %
/r»v. *= «and S  /M. ' .The l a s t  in ­
e q u a l i t y  may be w r i t t e n
/AA. -  è  / / I  . Ca A -  J  f -  %$*<- /  C-AA. — J  .
L e t  /Vi' and A l"  r e p r e se n t  th e  l e a s t  upper bounds o f  f ,  (x )  and f^ (x )  in  
th e  in t e r v a l  ( a « b ) .  Then
% /H  " C/yt^ — ' J  /H  ' J .
Then % /H " £ . )A^JC-t-ztfU
The two l i m i t s  o f  th e  second member o f  th e  in e q u a l i t y  a r e  z e r o « fo r  (x )
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and f ^ { z )  are  in t e g r a b le .  The f i r s t  member i s  th en  a l s o  zero*  Henoe f ( z )  
i s  in t e g r a b le .
■/ f}t)
To p ro v e  th a t  i s  in te g r a b le  v e  need o n ly  to  p rove th a t
i s  in te g r a b le *  C o n sid er  a  p a r t i t i o n  t r  suoh th a t  th e  o s c i l l a t i o n
/  t 9/ **
o f  in  eaoh  I n te r v a l  Û . K  w i l l  be ^  ^
C on seq u en tly*  L  -é ^  ^
Henoe i s  in te g r a b le  * Then o r  i s  in te g r a b le *
THBOBiaM: 26; I f  f ( x }  i s  an in t e g r a b le  fu n o t io n  on a  o lo s e d  in ­
t e r v a l  (a*b)*and i f  <pK'S\ I z  a  co n tin u o u s  fu n o t io n  on a  o lo se d  in t e r v a l
I ^  ,  3  1 «where j5 f  and S ' f  are  th e  lo w e r  and upper bounds r e ­
s p e c t iv e ly  o f  f ( z )  on (a * b )« th e n  ^  [ f ( x ) J  i s  an in te g r a b le  fu n o t io n  o f  
X on th e  in t e r v a l  ( a « b )*
PROOF: By th e  theorem  on u n iform  c o n t in u it y  th e r e  e x i s t s  f o r
e v e r y  >  o  a  «C- suoh th a t  f o r  /  <  (/%_ ^
I ( P C * f t )  — C <<9- • S in c e  f ( x )  i s  in te g r a b le  on ( a ,b )  i t  
fo llo w s^ b y  Theorem 7^th a t  f o r  e v er y  p o s i t i v e  number ^  th e r e  i s  a  par** 
t i t i o n  fT such th a t  th e  sum o f  th e  i n t e r v a l s  on w hioh th e  o s c i l l a t i o n
o f  f ( x )  i s  g r e a te r  th an  «C- i s  l e s s  th an  /I .  But from  th e  s ta tem en t
/  ,  y  — t h i s  means th a t  th e  sum o f  th e  i n t e r v a l s  on
whioh th e  o s c i l l a t i o n  o f  i s  g r e a te r  than i s  l e s s
than  /I * T h is  p r o v e s  t h a t  (Ù I  i s  in te g r a b le *
D e f in i t io n . A ..se t o f  p o in t s  i s  sa id  to  be enum erable i f  i t  oan  
be s e t  in t o  a  o n e -to -o n e  co rresp on d en ce  w ith  th e  p o s i t i v e  in t e g r a l  
numbers*
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THEOBSM 2 9 » The p o in t s  o f  d i s o o n t in u it y  o f  an in te g r a b le  
fu n o t io n  form  a t  m ost a  s e t  o o n s l s t ln g  o f  an enum erable s e t  o f  s e t s ,  
eaoh o f  o o n te n t  z e r o ,
FROCPi L e t ,  <s^*f «r-j,--— be any s e t  o f  numbers suoh th a t  
^  (T‘̂ ^^,and =  O . By Theorem 8 th e  s e t  o f  p o in t s
£  X  J a t  u h lo h  th e  o s c i l l a t i o n  o f  f ( x }  i s  g r e a te r  than or eq u a l  
to  I s  o f  o o n te n t  z e r o .  S in o e  th e  s e t  o f  s e t s   ̂ J  In c lu d e s
a l l  th e  p o in t s  o f  d i s c o n t in u i t y  o f  f ( x ) , t h i s  p r o v e s  th e  theorem .
d e f i n i t i o n .  I f  ev ery  p o in t  o f  a  o lo se d  i n t e r v a l  ( a ,b )  i s  a  
l im i t  p o in t  o f  a  s e t  £  x ]  , th e n  L x ]  i s  everyw here den se  on ( a , b ) .
THBQBEM 3 0 .  I f  a  fu n o t io n  f ( x )  I s  I n te g r a b le  on a  o lo se d  In­
t e r v a l  ( a ,b ) , t h e n  i t  I s  o o n tln u o u s  a t  a  s e t  o f  p o in t s  w hioh I s  e v er y ­
where d en se  on ( a , b ) .
PROOF 1 I f  th e  theorem  f a i l s  to  h o ld ,th e r e  I s  a  o lo se d  I n te r v a l  
(o ,d J  on ( a ,b )  on w hioh th e  fu n o t io n  i s  d is c o n t in u o u s  a t  ev ery  p o i n t .
By Theorem 29 an In te g r a b le  fu n o t io n  i s  d is c o n t in u o u s  a t  m ost on an 
enum erably i n f i n i t e  s e t  o f  s e t s ,e a o h  o f  o o n te n t  zero ,a n d  suoh s e t s  o f  
s e t s  f a i l  to  c o n ta in  e v er y  p o in t  o f  any In te  r v a l ,  by a  theorem  to  th a t  
e f f e c t .
r S
theorem: 3 1 .  I f  ^  Cx)  *  O  f o r  e v er y  o f  a  o lo se d
I n te r v a l  ( a ,b } , t h e n  CX) sst o  on a  s e t  o f  p o in t s  everyw here dense on
(a ,b } ,a n d  f o r  e v er y  >  a  th e  p o in t s  where I - f  Cx) I >  o  form  a  s e t
o f  o o n te n t z e r o .
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PROOF : At e v e r y  p o in t  %" where f ( x )  i s  o o n t ln u o u s ,
y "  -fC icJ  c t ^  = -^ C ^ )  »  g e n e r a l s ta te m en t o f  Theorem 2 4 .
*  .Z' /  •jr“
S in o e  ^  '/*C \r)0Of. jg  ^ o o n s ta n t ,  ^  ô f ’J  .
Henoe J  ^  Û  • A ooording to  Theorem 5 0  f  ( z )  i s  o o n tln u o u s a t  a
s e t  o f  p o in t s  w hioh i s  everyw here d en se  on ( a , h ) .  Henoe th e  se r o  p o in t s  
o f  f ( z )  are  everyw here d e n s e . At a  p o in t  o f  d is o o n t ln u it y  th e  o s*  
o i l l a t i o n  o f  f ( x j  #  / f ( x ) i .  Henoe th e  p o in t s  where i  
form  a  s e t  o f  o o n te n t z e r o .
th e  o lo se d  in t e r v a l  ( a » h ) ,t h e n  on a  s e t  o f  p o in t s  e v e r y ­
where d en se  on (a ,h ) ,a n d  f o r  e v er y  er-̂  >  o  th e  p o in t s  w here  
form s a  s e t  o f  o o n te n t  z e r o .
PROOF: I t  i s  g iv e n  th a t  J  t ' y ) <sC  ̂ -  J
f o r  e v e r y  JT  on ( a ,h ) «  Then ^  ^  0 ( x j
or ^  y  O r) — à C y ) J  -=: rD ,  Then by Theorem 3 l
Or )  — ( ^ O x )  c  ^ 0 >rj z :C p O x ) )  on a  s e t  o f  p o in t s  e v er y ­
where dense on  (a ,b ) ,a n d  f o r  e v e r y  ^ > o  th e  p o in t s  where 
I -p-Cx) -  Cp Ck^ ! >  form s a  s e t  o f  o o n te n t  s e r o .
The theorem s to  be l i s t e d  n e x t  are oonoem ed  w ith  th e  o a w  
p u t a t io n  o f  d e f i n i t e  i n t e g r a l s .  When th e  i n t e g r a l  i s  known to  e x i s t , t h e  
l i m i t  oan be o a lo u la te d  on any p r o p e r ly  oho se n  su b s e t  o f  th e  ^ b y  
the th e o r e m ," If  C x'J  i s  a  su b se t  o f  L x J  b e in g  a  l i m i t  p o in t  o f  Lx*J 
and i f  /— e x i s t s , t h e n  L  e x i s t s  and
x-fA.
L  - p C x )  rs L- .*• C o n seq u en tly  i f  nS- , 1»
y 9 a If -> A r, z  3
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
z z
any sequanoe o f  stm s suoh th a t  L  =  O  « th en  L, S y  -  /  f-CxJaCf .
/f -»!>•» "«I •
We f in d  a  o a se  o f  t h i s  k in d  o o o u r r ln g  when 5̂  ̂ l e  ta k en  ae  an end-^polnt 
o f  th e  I n t e r v a l  *x* | and a l l  th e  are eq u a l*  Then we have
^  ^  f ’ C ^ - T H ^ K )  A k  «where ^  •
THSORiaC g g ; I f  f ( x j  l a  a  o o n eta n t«  «then  ^  ^  ~ ^  ^  $
PROOF: The f u n c t io n  f ( x )  %r C  l e  In te g r a h le  hy Theorem 4* Hence
/ c ^ - r  Z. £  c  '  A  /M C  ^  -  a  ( 6 - ^ ) .
TffigOBiaf 3 4 . C,"" epCjC. zr C
PROOF: The fu n o tlm : l e  I n te g r a h le  by Theorem 4 .  L et
c& *̂AK D  f  e  ------- -f
=  e ' z l *  e ” ' * * - '  .  e ' " " - /  =  ( T c ' - e " )  ^  -
— / e -^ L . /
Then Z - =  L
e " t - /
4 JL Z.
f  y 4K
Hence L  or- J ^  e. =  c r ^
For th e  p r o o f  o f  th e  n e x t  theorem  we e h a l l  p u t the p a r t i t i o n
p o in te  In  a  g e o m e tr ic a l p r o g r e e e lo n *  L e t ' ”̂ =r J  ,
A .K  =  a - J -  A  y V
y  -  /♦ V #»q, ?  a .  V
and o b ta in  th e  form u la:
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/  ^  y#« y ^
-#•• ^ /  xyM -/■ /
THKOR ̂ f 3 6 , ' t  ^  {^a ^  A. <  ,
PROOF: ^  may be w r i t t e n  X  .  By th e  f i r s t  e q u a tio n  in
Theorem 35«fiin oe -  ^  •
But ^  ^  • B b erefor*  < / ” from  w h ich
^ f - ‘ - / w ^
A  - / -  4  4? >  ■ '
Henoe ^  * jf- ^  “t y  -  ^ “* •
THEOBai 3 7 : I f  on  a  o lo e e d  in t e r v a l  ia « b ) two fu n o t io n a  f ( z )
and P (z }  have th e  p r o p e r ty  th a t  f o r  e v e r y  two v a lu e s  o f  z , z   ̂ and z^«  
where a  < z  <  z ^  < b ,  f ( z , J  ( z ^ -  A J  I  P(Xj^) -  F (z ,J  5  f ( z J ( Z j j -  z^ 
o r  i f  f ( z , K z ^ -  -  P(x^J — F ( z , l  #  f ( Z a l ( x ^ — z ^ I ,th e n
( 1 ) , l f  f ( z j  i s  c o n t in u o u s , ^ ^  ~^C^) ^ and
^  4»
(2) w h eth er  f ( x )  i s  c o n tin u o u s  or n o t ,  y  e z i s t s  and
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i s  eqxial to  F (b ) — P{&) #
gBQCE* From 3- r = C ^ J ^ P ô ( .)  % /( r ^ J  )
VO o b ta in  J  J=^Cr.) <  -f-C r^ ')  S in o o  f ( x )
^  *•
i s  o o n tin u o u s  a t  x  =  x  ,  J  T h erefore
/  - -  -  f~ < T K j  v h io h  p r o v e s  ( I ) .
**■ "  */
y e  kno««hy Theorem 4 , th a t  f ( x |  i s  I n t e n a b le *  On any p a r t i t i o n  
7 T whose d iv id in g  p o in t s  are ^ -------------   Jf we havej  j  j  ~ f
C ,̂ ê
i ^ r r j C r ^ - K J  t  / ^ ^ K J - / = ( T K J  ^  (T'C ~ K )
A dding we o b ta in
'PCa.'^Cx̂ ^  -t:f*CxjCr^~KJ -f- — ' f  ^  z
f=C6) -  /=-r-j % ■f‘Cr,)U,-^> ■*■ - -  i- / 4 ;  1̂ -  <-' /"-
But -f ( A.') C)', -  - t -  (^■ .., )  C6  )  =  B  S '„  ^
B tn d  ------------------ -/■ 7 ^  C à  -  J  :s- •
S in o e  t h i s  h o ld s  f o r  e v e r y  tt we have ^  ^  ^xJa>CfU -  ~ .
THEOBat 5 8 s ( I n t e g r a t io n  by p a r t s . )
I f  and 7̂ ^  e x i e t  and a re  c o n tin u o n s  on th e  c lo s e d  in t e r v a l  ( a ,b ) ,
th en  ^  - ^  -COrJ ' .
P R O O F :  ^  -  / ,  C xj 7 f  W  .
T h erefo re  ^  [f ,C )r)' '^mCrjJ ^  ^  ^  ,
( f , (* )  and f j l x )  a re  o o n tin u o u s b eca u se  o f  th e  e x is t e n c e  and c o n t in u it y
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o f  f^ (x )  and f / ( x )# a n d  th e r e fo r e  th e  in t e g r a l  e x i s t e » )
B ut ^  ^  ^  ~  -  /L
by th e  theorem  v h io h  s t a t e s , " I f  f ( x )  i s  a  o o n tin u o u s f u n c t io n  on a
c lo s e d  in t e r v a l  ( a ,b )  and F (x ) i s  suoh t h a t  /= C x J z:  ^then
^  -fCx)  «xCfc -  /=  »" Then
-ffCy^- "C • 7̂  'CyJ 0 ^  -  / ,
or  ^  ' K  - /  • 7f K  ^
Henoe ^  sf ^ y j  • ^  r ^  ^
THEOEEII 3 9 .  ( I n t e g r a t io n  by s u b s t i t u t io n .I
I f  y  %= <d> (x )  h a s  a  o o n tin u o u s  d e r iv a t iv e  a t  e v e r y  p o in t  o f  the o lo se d
in t e r v a l  ( a ,b )  and f ( y )  i s  c o n tin u o u s  f o r  a l l  v a lu e s  ta k en  by y  := ^  (x )
a s  X v a r ie s  from  & to  )^ ,then ^  ^  -y>Cy. ,
« h ere  ^ ^  ^  -  ci) ( s )  .
^  ^ CjO r r  €M
PROOF» By Theorem 25  ^  ^  J - ¥ - C
Bi»t ^ ' 6  f  c  ^  7 - < 1 .
by th e  th e o re m ," If  f / ( x )  e x i s t s  and i s  f i n i t e  f o r  x  ^  x^ ,and f  , ( x )  i s
o o n tin u o u s a t  x  == x , ,a n d  i f  f j ( y )  e x i s t s  and i s  f i n i t e  f o r  y , = f , ( x ^ ) ,
then ^  i  ^  ' t  ' Cy» > •" Henoe
y  ,  ,
aCy -  j T  ^  d -  (b y  s u b s t i t u t io n )
I f  X  •=. < ^^ CL =i o  Then l o t  X  ^  6  ,  Then
^  ^  ^  r
THEORm 4 0 ; Y  f  J ^  ^  .
« h e r e  X -=■ d> C ^   ̂ <3l -  C ^ J   ̂ é  -  d> C â  )  {provid ed  th a t
b o th  in t e g r a l s  e x is t ,a n d  th a t  i s  n o n - o s c i l l a t i n g  and h a s  a  f i n i t e
d e r iv a t i v e .
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mm*
w henever th e  l e a s t  igpper hound o f  f o r  eaoh  /*t, ap p roaches z e r o  a s
/M. ap p roaoh es o o  # L e t A  ^  ~ r  AT ^  •
(î> (  ^ jt )  — ^  ^ «Henoe r= ^  «
where ^  l i e s  b etw een  and y ^ -- /  • T h is  i s  tru e  by th e  theorem
w hioh s t a t e s , " I f  f ( x l  i s  o o n tin u o u s  on th e  o lo s e d  in t e r v a l  (x^ , x j , a n d  
I f  th e  d e r iv a t iv e  e x i s t s  a t  e v e r y  p o in t  b etw een  x  and x  ,th e n  th e r e  i s
a  v a lu e  o f  x , x  = J  «betw een x ,  and x   ̂ su ch  th a t  7 c j  J  -   V, .  *”
I f  J " ^  ST cA ^ ^ 4-^  $ i t  w i l l  l i e  betw een  and
m oreover th e  ^ are  a l l  o f  the same s ig n  or  z e r o ;  and s in o e  the hy­
p o t h e s is  makes t in l f o m ly  c o n t in u o u s ,t h e ir  l e a s t  upper bound
app roaches z er o  a s  «rt. approaohes -+ «x> .  T h erefore
a  »o  ̂ ^
p rov id ed  th e  l a t t e r  in t e g r a l  e x i s t s *
Henoe ^  ^  ô f j  f
C o r o lla r y * The p r e c e d in g  theorem  rem ains tru e  i f  ij^^y^has a  
f i n i t e  number o f  o s c i l l a t i o n s *
PROOF: £ i^ p o se  th e  maximum and minimum v a lu e s  o f  0  are
 ______   à .^  « co rresp o n d in g  to  th e  v a lu e s  o f  - -- .
Then r  y  f
= j / - f  r  o c ^ j j  ^  .
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AS was p rev iously  s ta te d ,th e  c la s s  of in teg rah le  func tions i s
v e r y  l a r g e .  Even su ch  fu n c t io n s  a s  th e  f o l lo w in g  are in te g r a h le  :
( I )  f ( x j  — 0 i f  X i s  i r r a t i o n a l ,  f ( x )  -  ^  i f  x  =  #
(2i f (x)  = V ------- ---  - +
/*  -A
where (x )  d e n o te s  th e  p o s i t i v e  o r  n e g a t iv e  e x c e s s  o f  x  o v er  the  
n e a r e s t  in te g e r ,a n d  (x )  c  0  when x  i s  h a lf -w a y  betw een  two in t e g e r s  
f ( x )  i s  in te g r a h le  in  th e  in t e r v a l  ( 0 , 1 ) .
{3J f ( x )  d e f in e d  f o r  th e  in t e r v a l  ( 0 ,1 )  a s  f o l lo w s :  For \  < x  % / , 
l e t  f ( x )  -  / ; f o r  j y  <  . l e t  f ( x )  =  ^  ;
f o r  <  X" ^  ^a. , l e t  f ( x )  =  i and g e n e r a l ly , f o r
■57^ »  ^  X ^  , l e t  f ( x )  — ^ ^ 5  &nd f ( 0 ) c=.0 .
The f o l lo w in g  fu n c t io n s  are  n o t  in te g r a h le  (R) #
(1 )  f ( x )  =: on th e  in t e r v a l  ( 0 , 1 ) .
( 2 ) f ( x )  r  0  i f  X i s  i r r a t i o n a l ,  f ( x )  =. 1  i f  x  i s  r a t io n a l .
(3 )  f ( x )  c: 0  i f  X i s  r a t i o n a l ,  f ( x )  =  I i f  x  i s  i r r a t i o n a l .
The ïiem an n  d e f i n i t i o n  o f  th e  in t e g r a l  o f  a  hounded f u n c t io n ,  
d e fin e d  f o r  a  c lo s e d  in t e r v a l  (a ,h ) ,m a y  he exten d ed  to  th e  oa se  o f  a  
hounded fu n c t io n  f(aé'^,x‘‘*‘0 d e f in e d  in  a  r e c ta n g u la r  c e l l  ( a‘'‘̂ ,a^- ;̂h%h' ‘̂' ) ,  
or  more g e n e r a l ly  to  th e  c a se  o f  a  hounded fu n c t io n  f  ( ^ \ x ^ . . .  ) ,
o f  f  v a r ia h le s ,d e f in e d  in  a  p -d im e n s io n a l c e l l .
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THëOBSUS on SæTS OF POINTS
l u  th e  p r e s e n t  oen tu ry  Hlemann* 8  I n t e g r a l  h a s , f o r  th e  p u rp o ses  
o f  t h e o r e t io a l  ln y e s t lg a t lo n s ,b e e n  la r g e ly  siqxerseded by the more gen­
e r a l  fo r m u la tio n  o f  L ebesgae* The th eo ry  o f  Lebeegue in t e g r a t io n  h a s  a s  
i t s  fo u n d a tio n  th e  o o n c e p tio n  o f  th e  m easure o f  a  s e t  o f  p o i n t s .  In  or­
d er  to  un d erstan d  th e  th e o ry  o f  measure i t  i s  n e c e s s a r y  to  d e f in e  c e r ­
t a in  term s and t o  s t a t e  theorem s c o n c e r n in g  s e t s  o f  p o in t s  and i n t e r v a l s .
A s e t  o f  p o in ts  i s  s a id  to  be bounded i f  every  p o in t  x  in  i t  i s
such th a t  J x l  <  A  «where A i s  some f ix e d  p o s i t iv e  number.
A p o in t  P i s  sa id  to  be a  l i m i t  p o in t  o f  a  s e t  G i f  th e r e  a re
p o in t s  o f  G ,o th e r  th an  P , i n  ev ery  neighb orh ood  o f  P .
A s e t  o f  p o in t s  w h ich  in c lu d e s  a l l  i t s  l i m i t  p o in t s  i s  c a l l e d  a
c lo s e d  s e t .  I t  w i l l  in  g e n e r a l be assumed th a t  a  c lo s e d  s e t  i s  bounded.
A s e t  o f  p o in t s  i s  sa id  to  be an i s o la t e d  s e t  when no p o in t  o f  
the s e t  i s  a  l i m i t  p o in t  o f  th e  s e t .
I f  ev ery  p o in t  o f  a  s e t  G i s  a  l i m i t  p o in t  o f  th e  s e t ,  G i s
sa id  to  be d en se  in  i t s e l f .
A s e t  th a t  i s  b o th  c lo s e d  and d en se  in  i t s e l f  i s  c a l le d  p e r f e c t .
A p o in t  P  o f  a  s e t  G i s  sa id  to  be an I n t e r io r  p o in t  o f  G i f  a  
n e i^ b o r h o o d  o f  P  can be determ ined  a l l  th e  p o in t s  o f  w h ich  a r e  p o in t s  
o f  G. H o w e v e r ,if  th e  s e t  G i s  bounded,and co n ta in e d  in  a  fundam ental in ­
t e r v a l ,a  p o in t  o f  G on th e  boundary o f  the in t e r v a l  may be regarded  a s  
an i n t e r i o r  p o in t  o f  G r e l a t i v e l y  to  th e  in t e r v a l  i f  a  neighborhood  o f
28
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th e  p o in t  e x i s t e  suoh t h a t  e v e iy  p o in t  o f  th a t  n e l^ b o r h o o d  u h io h  i s  in  
th e  fundam ental in t e r v a l  i s  a  p o in t  o f  G.
An open s e t  i s  one in  w hioh e v e r y  p o in t  i s  an i n t e r i o r  p o in t .  A 
s e t  i s  open r e l a t i v e l y  to  a  fundam ental in t e r v a l  when e v er y  p o in t  i s  an 
i n t e r i o r  £>oint r e l a t i v e l y  to  th e  I n t e r v a l .
I f  a l l  th e  p o in t s  o f  a  s e t  H are  p o in t s  o f  a  s e t  G, H i s  sa id  to
be a  n a y t .o r  oom nonent. o f  G# Those p o in t s  o f  G n o t  b e lo n g in g  to  H form  a
s e t  G—H . The s e t  G -H  i s  c a l le d  th e  oomplement o f  H w ith  r e s p e c t  to  G
and i s  d en oted  by I f  the s e t  G c o n s i s t s  o f  a l l  th e  p o in t s  o f  th e
fundam ental in t e r v a l  w hioh c o n ta in s  H «then th e  s e t  G -H  i s  c a l l e d  th e  
oomplement o f  H.and i s  d en oted  by 0 (H ).
The theorem s on s e t s  o f  p o in t s  u sed  h ere  are g iv e n  w ith o u t p r o o f
s in c e  th e se  are  l a r g e ly  r o u t in e  and may be found in  any o f  th e  t r e a t i s e s
on s e t s  o f  p o i n t s .
THBOaai I .  The coiqplement 0(G) o f  a  c lo s e d  s e t  G w ith  r e s p e c t
to  a  c lo s e d  in t e r v a l  in  w hich  G i s  c o n ta in e d  i s  an open s e t  r e l a t i v e l y
to  th e  i n t e r v a l .  C o n v erse ly  «the complem ent o f  an open s e t  co n ta in e d  in  a  
o lo se d  in t e r v a l  i s  a  c lo s e d  s e t .
A p o in t  P  o f  a  s e t  H i s  sa id  to  be an in t e r i o r  p o in t  o f  H re­
l a t i v e l y  to  a  p e r f e c t  s e t  G i f  i t  i s  a  p o in t  o f  G and I s  such  th a t  a  
n e i^ b o r h o o d  o f  P e x i s t s  f o r  w h ich  a l l  th e  p o in t s  o f  G in  th a t  n e i ^ -  
borhood are  a l s o  p o in t s  o f  H.
A s e t  E . a l l  th e  p o in t s  o f  w h ich  a r e  I n t e r io r  p o in t s  o f  H re ­
l a t i v e l y  to  a  p e r f e c t  s e t  G , i s  sa id  to  be open r e l a t i v e l y  to  G.
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THEOBaM 2 » The oomplement C^(H) o f  a  o lo s e d  s e t  v i t h  r e s p e o t  to  
a  p e r f e o t  s e t  0  w hioh o o n ta ln s  H i s  open r e l a t i v e l y  to  G. C o n v e r se ly ,th e  
oonqpXement w ith  r e s p e o t  to  th e  p e r f e o t  s e t  C o f  a  s e t  H o on ta in ed  in  i t ,  
and open w ith  r e sp e o t  to  i t , i s  a  o lo se d  s e t .
I f  G, ' - , 0 ^  d e n o te s  a  number o f  s e t s  o f  p o in t s , t h e  s e t  whioh
c o n ta in s  e v e r y  p o in t  th a t  b e lo n g s  to  one o r  more o f  th e  g iv e n  s e t s  w i l l  
be d en oted  by K ( G , , G ^ 1 . That s e t  w hioh o o n ta in s  a l l  th o se  p o in t s  
w hioh b e lo n g  to  e v e r y  one o f  th e  g iv e n  s e t s  w i l l  be denoted  by 
D(G, ,G ,., ,G«J •
■ZHEORat 3 .  I f  G, and G are  o lo se d  s e t s ,b o t h  th e  s e t s  m:(G,«G,.} 
and D(G. ,G i)  are  o lo s e d .
The theorem  oan be ex ten d ed  to  th e  o a se  o f  any f i n i t e  number o f  
o lo se d  s e t s .  I f  th e  number o f  o lo se d  s e t s  i s  i n d e f i n i t e l y  g r e a t ,s o  th a t  
th ey  form  a  sequenoe G, ,G ^ ,—— ,G ^ — —  o f  suoh s e t s , t h e  s e t  
M(G, ,G ,. ,-— G^,— 1 i s  n o t  n e o e s s a r i ly  o lo s e d .  The s e t  D(G, ,G ^ ,— G ^ — } ,  
h o w e v e r ,i f  i t  e x i s t s , i s  o lo s e d .
TRKnTLOur 4 .  I f  0 , , 0 j , 0 j ,  i s  a  f i n i t e  num ber,or a  s e q u e n c e ,o f
open s e t s , t h e n  11( 0 » — ] i s  a l s o  an open s e t .
I f  0 , , 0 ^ ,— , 0 ^ i s  a  f i n i t e  number o f  open s e t s , t h e
s e t  0 ( 0 » , 0 » , — , 0  , i f  i t  e x i s t s , i s  a l s o  an open s e t .
The p r e c e d in g  theorem  d o es n o t  h o ld  f o r  th e  o a se  o f  an i n f i n i t e  
number o f  open s e t s .
yttEORElt 6 .  i f  G, ,Gj|,,—— ,G ^ — -- i s  a  sequence o f  o lo s e d  s e t s ,
eaoh  o f  w h ich  o o n ta in s  the n e x t , t h e r e  e x i s t s  a  o lo e e d  s e t  G^ e a o h  p o in t
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o f  w hioh b e lo n g s  to  G ^ , f o r  e v e r y  v a lu e  o f  /yu #
The co rr esp o n d in g  s ta te m en t d o e s  n o t  n e o e s s a r i ly  h o ld  f o r  a  s e ­
quence o f  s e t  Breach o f  w h ich  c o n ta in s  th e  n ex t,w h en  the s e t s  are
n o t  c lo s e d *
The p r o p e r t ie s  o f  a  s e t  o f  in t e r v a l s  are  c l o s e l y  con n ected  w ith  
th e  p r o p e r t ie s  o f  s e t s  o f  p o i n t s .
THROBiAf ? .  E very s e t  o f  n o n -o v e r la p p in g  in t e r v a l s  in  a  bounded* 
or unbounded * in t e r v a l  i s  e i t h e r  f i n i t e  o r  form s an em m erab le  s e t .
THEORcai 6 .  E very  i s o la t e d  s e t  i s  enum erab le.
theorem: 9 .  E very  s e t  o f  in t e r v a l s  o on ta in ed  in  a  f i n i t e  in t e r ­
v a l  can  be r e p la c e d  by a  s e t  o f  n o n -o v e r la p p in g  in t e r v a l s  o f  w h ich  th e
i n t e r i o r  p o in t s  a re  th e  same a s  th o se  o f  th e  g iv e n  s e t .
I f  th e  g iv e n  s e t  i s  teJcen to  be a  s e t  o f  open in t e r v a ls * t h e  
theorem  i s  e q u iv a le n t  to  th e  s ta te m en t th a t  th e  s e t  o f  p o in ts* e a c h  o f  
w hich b e lo n g s  to  one o r  more open in t e r v a l s  o f  th e  g iv e n  s e t ^ i s  i t s e l f  
an open s e t .
E very p o in t  o f  a  f i n i t e  in t e r v a l  (a « b ) w hich  i s  n o t  i n t e r i o r  to  
an in t e r v a l  o f  a  non-overl«q>ping s e t  o f  open  in t e r v a l s  in  (a*b ) i s
( 1 ) a  common e n d -p o in t  o f  two i n t e r v a l s  o f  th e  g iv e n  s e t ;  or  
(E) a  p o in t  i n t e r i o r  to * o r  a t  an end o f ,a n  in t e r v a l  n o t  b e lo n g in g  to  
th e  g iv e n  s e t * t h i s  in t e r v a l  c o n t a in in g  no p o in t  w h ich  i s  i n t e r i o r  
to  any in t e r v a l  o f  th e  s e t ;  o r
(3 )  a  l i m i t  p o in t ,o n  both. s id e s * o f  e n d -p o in t s  o f  in t e r v a l s  o f  th e  
g iv e n  s e t ;  or
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(4 )  an end*-point o f  an I n te r v a l  o f  th e  g iv e n  aet$and a l s o  a  l i m i t  p o in t ,  
on one s i d e , o f  e n d -p o in ts  o f  in t e r v a l s  o f  th e  g iv e n  s e t .
I f  e i t h e r  or  h i s  an  e n d -p o in t  o f  an i n t e r v a l , i t  i s  sa id  to  
b e lo n g  to  s e t  ( l ) «  The p o in t s  d e so r lb e d  in  (2 )  and (3 }  may be o a l le d  
e x te r n a l  p o in t s  o f  th e  g iv e n  s e t ;  and i f  ^  o r  ^  i s  a  l i m i t  p o in t  o f  end­
p o i n t s ,  i t  m i l l  be o o n s id ered  an  e x te r n a l  p o i n t .  The p o in t s  d e sc r ib e d  in
(4 )  may be c a l l e d  s e m i-e x te m a l  p o i n t s .
THSOKbM 1 0 .  Those p o in t s  o f  th e  I n t e r v a l  ( a ,b )  m hich are  n o t  
p o in t s  o f  a  g iv e n  s e t  o f  n o n -o v e r la p p in g  open i n t e r v a l s  form  a  c lo s e d  
s e t  o f  p o i n t s .
THsoREtf I I .  E very o lo se d  s e t  o f  p o in t s  in  th e  I n te r v a l  ( a ,b )  
i s  th e  complement o f  a  n o n -o v e r la p p in g  s e t  o f  open i n t e r v a l s .
The m o st g e n e r a l l in e a r  c lo s e d  s e t  o f  p o in t s  in  an I n te r v a l  
( a ,b l  c o n s i s t s  o f  ( I )  th e  e n d -p o in ts  o f  a  s e t  o f  n o n -o v e r la p p in g  in t e r ­
v a l s ,  ( 2 ) l i m i t  p o in t s  o f  such e n d -p o in ts ,a n d  (5 )  th e  p o in t s  in t e r i o r  to  
in t e r v a l s  e v er y  p o in t  o f  w h ich  b e lo n g s  to  th e  o lo se d  s e t .
The open in t e r v a l s  b e lo n g in g  to  th e  s e t  0(G ) .com p lem en tary ,re ­
l a t i v e l y  to  ( a , b ) , t o  a  g iv e n  c lo s e d  s e t  G in  I a ,b )  ̂a re  sa id  to  be 
c o n tlg n o n s  t o ,o r  cooqplementary to ,G .
I f  th e  s e t  G i s  n o n -d e n se ,u o  in t e r v a l  e x i s t s  in  ( a ,b )  w h ich  con­
s i s t s  e n t i r e ly  o f  p o in t s  o f  G. ( a  n o n -d en se  s e t  i s  one such th a t  no in ­
t e r v a l  e x i s t s  in  w hioh th e  s e t  i s  everyw here d e n s e .)  The s e t  o f  c o n -  
t ig u o n s  in t e r v a l s  i s  th en  everyw here d en se  in  ( a ,b ) , s i n c e  no in t e r v a l  
oan be determ ined  in  (a ,b )  so  a s  to  c o n ta in  no p o in t s  o f  th e  s e t  o f
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o o n tlg a o u s  in t e r v a ls *  Thus: E very  l in e a r  n on -d en se  o lo se d  s e t  in  an in ­
t e r v a l  (a»b) o o n s i s t s  o f  th e  e n d -p o in ts  o f  th e  in t e r v a l s  o f  an e v e r y ­
where d en se  s e t  o f  open i n t e r v a l s  and o f  th e  l i m i t  p o in t s  o f  snoh end­
p o i n t s .
The p o in t s  o f  a  n on -d en se  o lo se d  s e t  H o o n s i s t  in  g e n e r a l o f  
th r e e  o l a s s e s :
( l i  Those w hioh are  oommon e n d -p o in ts  o f  two o o n tlg a o u s  in t e r ­
v a ls  a b u t t in g  on one a n o th er ;
( 2 ) s e m i-e x te r n a l  p o in t s  o f  the s e t  o f  o o n tlg a o u s  in t e r v a l s ;  
th a t  i s . p o i n t s  w hioh a re  e n d -p o in ts  o f  one in te r v a l ,a n d  a ls o  l i m i t  
p o in t s ,o n  one s i d e ,o f  e n d -p o in t s ;  and
(5 )  e x te r n a l  p o in t s ;  th a t  i s , s u o h  a s  a r e  n o t  e n d -p o in ts  o f  any 
o o n tlg a o u s  in t e r v a l ,b u t  a re  l i m i t  p o in t s ,o n  b o th  s i d e s , o f  suoh end­
p o in t s .
The p o in t  ^  o r  b , i f  I t  b e lo n g s  to  G,may be regarded a s  b e lo n g in g  
to  (1 )  o r  (3 )  ,a o o o r d in g  a s  i t  i s , o r  i s  n o t ,a n  e n d -p o in t  o f  a  c o n tig u o u s  
i n t e r v a l .  Those p o in t s  w hioh b e lo n g  to  (1 )  are  i s o la t e d  p o in t s  o f  G. I f  
no suoh p o in t s  e x i s t , e v e r y  p o in t  o f  G i s  a  l i m i t  p o in t ;  G th en  i s  p e r ­
f e o t .  I t  f o l lo w s  th a t :  E very n on -d en se  p e r fe o t  l in e a r  s e t  G o o n s i s t s  o f  
the e n d -p o in ts  o f  an everyw here d en se  s e t  o f  n o n -o v e r la p p in g  i n t e r v a l s ,  
c o n tig u o u s  to  G,no two o f  w hioh ab u t on one a n o th e r ,to g e th e r  w ith  th e  
l i m i t  p o in t s  o f  th e se  e n d - p o in t s .
L e t  , S ^ — -  be a  sequenoe o f  s e t s  o f  p o in t s  suoh th a t
eaoh  s e t  i s  o on ta in ed  in  th e  p r e c e d in g  one S ^ . The s e t  ,  or
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D (£, J ,o o n B is t ln g  o f  p o in t s  eaoh  o f  w hioh b e lo n g s  to  a l l
th e  s e t s  o f  th e  s e q u e n o e ,is  sa id ,w h en  suoh a  s e t  e x i s t s , t o  be th e  in n e r
l i m i t i n g  s e t  o f  the sequenoe o f  s e t s .  I f  any sequenoe G , ,G , ,  G *
o f  s e t s  be g iv e n ,a n d  we tak e  £, »  G, ,3^̂  =  D( G, ,G ^ ),  £ 3 -= D(G, ,G^,G_^) ,and  
in  g e n e r a l — D(G, ,G ^ ,— - G ^ ) , t h e  in n er  l i m i t i n g  s e t  ,when i t  e x ­
i s t s , a l s o  d e f in e s  D(G  ̂ ,G ^ ,-----G ^ , ----- 1 and may be regarded a s  d e f in e d  by
th e  g iv e n  s e t s  G, ,G ^ ,— - •  A p o in t  th a t  b e lo n g s  to  a l l  the s e t s  Ĝ  G ^ —  
b e lo n g s  to  a l l  the s e t s  E, ,5 ,^ ,— S ^ , —  ; and a  p o in t  th a t  b e lo n g s  to  
a l l  th e  l a t t e r  s e t s  b e lo n g s  to  a l l  the form er* Thus we see  th a t  the s e t  
o f  p o in t s  oommon to  a l l  th e  s e t s  o f  any g iv e n  sequenoe o f  s e t s  i s  an 
in n er  l i m i t i n g  s e t .
%hen E , ,S^ S ^ i s  a  sequenoe o f  s e t s ,e a c h  one o f  w hioh
S ^ i s  o o n ta in ed  in  th e  n e x t  S ^ + ,,th e  s e t  ,o r  M(S, ,S ^ ,-----So*.,------} ,
w hioh o o n s i s t s  o f  th e  s e t  o f  th o se  p o in t s  eaoh  o f  w hioh b e lo n g s  to  a l l  
the s e t s ,f r o m  and a f t e r  some v a lu e  o f  n d epend en t on the p a r t io u la r  
p o i n t , i s  sa id  to  be the o u te r  l i m i t i n g  s e t  o f  th e  seq u en o e .  I f  we tak e  
S , =  G, ,  -  M(G, ,G&), S 3  s  M{G, ,G^ .Gj ) t he o u te r  l i m i t i n g  s e t
d e f in e s  K(G, ,G -----G>,y— ) ,and  th u s  th e  s e t  o f  a l l  p o in t s  th a t  b e lo n g  to
a t  l e a s t  one o f  the s e t s  o f  any g iv e n  sequ en oe i s  an o u te r  l i m i t i n g  s e t*  
From Theorem 6  we know th a t  when th e  s e t s  ,S * ,—  are  a l l  
o lo se d  s e t s , t h e  in n er  l i m i t i n g  s e t  a lw ays e x i s t s ,a n d  i s  a  o lo se d  s e t*
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MEASUEü OF ££TE
The problem  o f  a s s lg o in g  d e f i n i t e  n tu ser io a l m eaeurae to  s e t s  o f  
p o in t s  re< p ilre6  th a t  th e  m easure o f  a  s e t  s h a l l  s a t i s f y  th e  f o l lo w in g  
o o n d lt lo n s»
( I )  The l in e a r  m easure o f  th e  s e t  o f  p o in t s  in  an I n te r v a l  
(a$b) i s  tak en  to  be b — a  w h eth er  the s e t  in o lu d e s  n e lt h e r * o n e ,o r  b o th  
o f  th e  e n d -p o in t 6 and i , o f  th e  I n t e r v a l .
iZ )  The m easure o f  th e  sum o f  a  f i n i t e  number o f  s e t s ,n o  two o f  
whioh have a  p o in t  in  oonanon^is to  be th e  sum o f  th e  m easu res o f  th e  
s e t s .
(3 )  The m easure o f  th e  sum o f  an enum erably i n f i n i t e  seq u en oe  
o f  s e t s ,n o  two o f  w hioh  have a  p o in t  in  oom m on,is to  be th e  l i m i t i n g  sum 
o f  the m easures o f  th e  s e ts ,w h e n e v e r  th a t  l i m i t i n g  sum e x i s t s .
à  l in e a r  s e t  o f  p o in t s  0 ,o p en  r e l a t i v e l y  to  an in t e r v a l  ( a ,b )  
whioh o o n ta in s  th e  s e t , I s  th e  sum o f  a  u n iqu e enum erable s e t  o f  open  
i n t e r v a l s .  A ooording to  ( 3 ) , th e  m easure o f  0 m ust be ta k en  to  be th e  
l im i t in g  sum o f  th e  m easures o f  th e  I n t e r v a l s  o f  t h i s  s e t .  T h is  l i m i t ­
in g  siaa i s  f i n i t e  and oann ot exceed  b —a ;  f o r  th e  sum o f  th e  f i r s t  n  in ­
t e r v a ls  «arranged in  o r d e r , i s  l e s s  th an  b —a  by th e  sum o f  th e  l e n g t h s  
o f  th e  f i n i t e  s e t  o f  i n t e r v a l s  oon^ lem entary to  them .
ibVery open in t e r v a l  may be regarded  a s  c o n s i s t i n g  o f  th e  p o in t s  
o f  an enum erable s e t  o f  o lo se d  in t e r v a l s ,n o  two o f  w hioh  o v e r la p  one 
a n o t h e r ,a l t h o u ^  th ey  may have an e n d -p o in t  in  oommon. Henoe any open
3 5
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c e t  may be regarded a s  o o n s ie t iz ig  o f  th e  p o i n t s  o f  an enum erable s e t  o f  
n o n -o r e r l« ^ p in g  o lo se d  in t e r v a ls *  The m easure o f  the open s e t  oan th en  
be regarded a s  th e  l i m i t i n g  sum o f  th e  m easu res o f  suoh a s e t  o f  non­
o v e r la p p in g  o lo se d  in t e r v a ls *  S in o e  th e  s e t  o f  o lo s e d  I n t e r v a l s  v h lo h  
o o n s t l t u t e s  a  g iv e n  open s e t  0  i s  n o t  u n i q u e , i t  m ust be shown t h a t  th e  
m easure o f  0  i s  in d ep en d en t o f  th e  p a r t io u la r  s e t s  o f  suoh in t e r v a l s #  
T h is oan be proved by th e  f o l lo w in g :
THBQRiflC 1 2 * I f  an open s e t  0  o o n s i s t s  o f  a l l  th e  p o i n t s  o f  an  
enum erable s e t  L  o f  n o n -o v e r la p p in g  o lo s e d  in t e r v a ls ,a n d  i f  £  j  
i s  any o th e r  s e t  o f  n o n -o v e r la p p in g  o lo s e d  i n t e r v a l s  suoh th a t  e v e r y  
p o in t  o f  0 b e lo n g s  t o  at l e a s t  one o f  th e  o lo s e d  I n t e r v a ls  L , t h e  
l im i t i n g  sum o f  th e  m easures o f  C oan n ot be l e s s  than  th a t  o f  th e  
m easures o f  C / ^ 3  *
The u n iqu e m easure o f  an open bounded s e t  0  i s  th u s d e f in e d  a s  
th e  l i m i t i n g  sum o f  th e  m easures o f  th e  o lo s e d  in t e r v a l s  o f  a  s e t , a l l  
th e  p o in t s  o f  w hioh  o o n s t i t u t e  th e  s e t  0 *
The m easure o f  a  bounded o lo s e d  s e t  1 i s  th en  d e f in e d  to  be the  
e z o e s s  o f  th e  m easure o f  th e  fundam ental i n t e r v a l , i n  w hioh a i s  con­
t a in e d ,  ov er  th e  m easure o f  th e  open s e t  C(Gr),whioh i s  th e  oomplement o f  
Cr w ith  regard to  th e  fundam ental in t e r v a l*  A l l  th e  p o in t s  o f  th e  o lo se d  
s e t  G are  in  th e  f i n i t e  s e t  o f  I n t e r v a ls  oonqplementaiy to  th e  in t e r v a l s  
-  - «Cl.* Thus th e  m easure o f  G ,denoted  by m (G ),ls  th e  low er  l im i t  
o f  th e  sum o f  th e  m easu res o f  t h i s  s e t , a s  a  i s  i n d e f i n i t e l y  in o rea sed *
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THEORiàM 1 3 .  I f  Oj  i s  a  sequence o f  open s e t s , a l l
c o n ta in e d  in  a  f i n i t e  i n t e r v a l , th en
® (0 ,)  -f  is (0 }̂ +  —  "+ m( 0  4* —— ■“  iii|m(0 , — -  ij  •
THiSOHaM 1 4 # I f  O, ,0^^,— -  0 ^  ,  i s  a  sequenoe o f  open s e t s , a l l
c o n ta in e d  i n  a  f i n i t e  in t e r v a l ,a n d  such  th a t  no two o f  them have a  p o in t  
in  comm on,then m(0 ,)  +  m(0 ,.) + ------- (- m(0 ^  )+  —  * m ^ ( 0 , —  0 ^ ,  J*
The E x te r io r  and In t e r i or  M easures o f  a  £ e t
L et S be any l in e a r  s e t  o f  p o in t s  in  a  g iv e n  in t e r v a l  ( a ,b ) ,a n d  
l e t  a  f i n i  t e ,  o r  i n f i n i t e ,  s a t  o f  n o n -o v e r la p p in g  open i n t e r v a l s  be d e­
f in e d ,  such th a t  e v e r y  p o in t  o f  G i s  in  one o f  th e s e  I n t e r v a l s .  E i t h e r  
p o in t  or  p o in t  ^  i s  regarded  a s  an i n t e r i o r  p o in t  o f  any in t e r v a l  o f  
which i t  i s  an e n d - p o in t .  The s e t  o f  i n t e r v a l s  c o n s t i t u t e s  an open s e t  
whioh c o n ta in s  Gr. The sum ,or l i m i t i n g  su m ,of th e  le n g t h s  o f  th e  i n t e r ­
v a ls  h a s  a d e f i n i t e  v a lu e ,n o t  g r e a te r  than  b — a .  The lo w er  boundary o f  
t h i s  8 um ,or l im i t i n g  su m ,fo r  a l l  p o s s ib l e  such s e t s  o f  I n t e r v a l s , i s  a  
number w hich i s  o a l le d  the e x t e r i o r  m easure o f  th e  s e t  d ,an d  t h i s  may be 
denoted by m ^ (G ) .
L et C(Gr) be th e  com plem entary s e t  o f  0 , r e l a t i v e l y  to  th e  i n t e r ­
v a l  ( a ,b )  in  w h ich  G i s  c o n ta in e d .  I f  m^£c(G)J r e p r e s e n t s  th e  e x t e r i o r  
m easure o f  C (G ),th e  number b — a  — m ^^C (G )J d e f in e s  th e  i n t e r i o r  me a #  
su re  o f  th e  s e t  G; i t  may be d enoted  by m ^ G ).
The above d e f i n i t i o n s  are e q u iv a le n t  to  th e  f o l lo w in g  s t a t e ­
m ents s The e x t e r io r  m easure mJ,G) o f  a  bounded s e t  G i s  th e  lo w e r
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boundary o f  th e  m easures o f  open s e t s  w hioh c o n ta in  G. The I n t e r io r  
m easure mj[G) o f  a  bounded s e t  G I s  th e  t^ p e r  boundary o f  th e  m easu res  
o f  o lo s e d  s e t s  o o n ta in ed  in  G# T h is  oan b e  e x p la in e d  a s  f o l lo w s  « By 
d e f i n i t i o n , t h e  e x t e r io r  m easure m^[^C(G)j i s  th e  lo w er  boundary o f  open  
s e t s  w hioh  o o n ta ln  C(GJ.  Then b -  a  — m^^J^CCG)] ,o r  m ^ (G ),ls  th e  upper  
boundary o f  th e  m easu res o f  th e  o lo s e d  s e t s  oon ^ lem en ta iy  to  th e s e  open  
s e t s *  I t  i s  e v id e n t  th en  th a t  e v e r y  bounded s e t  o f  p o in t s  h a s  d e f i n i t e  
e x t e r io r  and i n t e r i o r  m easures* When th e  e x t e r i o r  and i n t e r i o r  m easures  
o f  a  s e t  G are  e q u a l ,th e  s e t  G i s  sa id  to  be m easurable .and th e  number 
m^(G) =  m^(G) i s  d e f in e d  to  be th e  m easure o f  G* I f  a  s e t  G i s  m easure  
a b ls ,C (G ) a l s o  i s *
Gliat the above d e f i n i t i o n  s a t i s f i e s  th e  c o n d it io n s  f o r  m easure 
p r e v io u s ly  l is t e d ,w h e n e v e r  i t  i s  a p p l ic a b le ,c a n  be shown a s  f o l lo w s :  I f  
i s  a  s e t  o f  n o n -o v e r la p p in g  in t e r v a l s  e n c lo s in g  a  s e t  o f  p o in t s  G, 
m easurab le  o r  n o t,a n d  jâ i s  a  s im i la r  s e t  f o r  C (G ),th en  a l l  th e  p o in t s  
o f  th e  fundam ental in t e r v a l  are  e n c lo s e d  in  th e  s e t  made up o f  and 
^  • I t  f o l lo w s  th a t  m( \ - t  ^  I é  «where X  i s  th e  measure o f  th e  
in t e r v a l*  r in o e  m^(G) and th e  lo w er  b ou n d aries o f  m{ <  ̂ )
and m( ^  ) ,r e q p a o t iv e ly ,  m^G) 4- m^ ^G(G)  ̂ =  ^ ,a n d  th e r e fo r e  
m ^ (G l =  m ^ (G l*
F r « s  th e  d e f i n i t i o n  o f  a  m easurable s e t  we can make th e  fo l lo w ­
in g  s ta te m e n t:  Â s e t  o f  p o in t s  G i s  m easurab le  i f  an open s e t  0 , con­
t a in in g  G,and a  c lo s e d  s e t  E ,o o n ta in e d  in  G ,oan be so  determ ined  th a t  
m(0 ) — m(B) i s  l e s s  than  an a r b i t r a r i l y  oho se n  p o s i t i v e  number 6  *
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THRQBiOff 1 5 » A n e o a ssa x y  and a n f f i a i e n t  c o n d it io n  th a t  a  c a t  o f  
p o in t s  a  s h a l l  ba m easurabla i s  th a t  i t s  p o in t s  can  ba a n o lo sa d  in  a  
f i n i t e , o r  an i n f i n i t e , s a t  o f  open i n t e r v a l s  and th a t  C(&) can  ba sim ­
i l a r l y  c o n ta in e d  in  a  s e t  ,e u o h  th a t  th e  snm ,or l i m i t i n g  sn m ,of th e
m easures o f  th e  open i n t e r v a l s  w hioh c o n ta in  a l l  th o se  p o in t s  w h ioh  a re  
common to  and ^  i s  a r b i t r a r i l y  s m a l l .
THBORStt 1 6 .  2 v ery  bounded open s e t  and e v e r y  bounded c lo s e d
s e t  i s  m easurable  *
THE0 R2 M 1 7 .  2 very  enum erable s e t  o f  p o in t s  i s  m easu rab le ,an d  
i t s  m easure i s  s e r o .
PBDOFs L et P, , P . , — P ^  ,  d en o te  th e  p o in t s  o f  th e  s e t .  Each
p o in t  P m oan be e n c lo s e d  in  an open in t e r v a l  w ith  P ^  a s  c e n te r  and o f  
m easure ^  .  By (Bieorem IS  th e  open s e t  o f  p o in t s  c m is i s t in g  o f  a l l  th e
p o in t s  b e lo n g in g  t o  one o r  more o f  th e s e  i n t e r v a l s  h a s  i t s  m easure
C ?  JË- ^s  ^  V or  = 6  .  I t  f o l lo w s  th a t  th e  e x t e r io r  measure o f  th e  s e t
i s  s e r o ,a n d  th u s  th a t  th e  i n t e r i o r  m easure i s  a l s o  se r o ,a n d  th a t  th e  s e t
i s  m e a su r a b le ,w ith  m easure eq u a l to  z e r o .
I t  i s  i n t e r e s t i n g  to  n o te  t h a t , i n  accordanoe w ith  th e  p r e c e d in g  
th eo rem ,th e  s e t  o f  a l l  th e  r a t io n a l  numbers can  be covered  by a  s e t  o f  
in t e r v a l s  the sum o f  w hose m easures i s  l e s s  than  any a r b i t r a r i l y  ch osen  
p o s i t i v e  number.
THEOREM 1 8 . I f  & , , ( ! , , - —   i s  an enum erable, or a  f i n i t e ,
seq u en ce o f  m easurable  s e t s , a l l  o o n ta in ed  in  a  f i n i t e  I n t e r v a l , t h e  s e t  
M( G, ,G*#—  G — -  J 1 8 m easurab le  •
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TEÜSORSir 1 9 » I t  G, a re  m easu rab le  s e t s  a i l  oon­
ta in e d  in  a  bounded domaln^and no two o f  th e  s e t s  have a  p o in t  in  oommon, 
th en  the s e t  (G, +  G * -+ —  ) i s  m easurab le  and i t s  m easure i s  th e  l i m i t ­
in g  sum o f  th e  m easures o f  th e  s e t s *
gnfanmiBT a o . i f  & m easu rab le  s e t  G , o o n ta in s  a n o th e r  m easu rab le  
s e t  G *,the s e t  G* — G& i s  m easurable»and i t s  m easure i s  m(G, ) — m( G .
miSOBiîat 2 1 .  I f  G, #G.»-----G ^ ,  are  a l l  m easu rab le  s e t s , t h e
s e t  D(G,*G^,— * G ^ ,— -  ) I s  a l s o  m e a su r a b le .
2 H1̂ 0 RcM I f  E i s  th e  s e t  o f  p o in t s  eaoh  o f  w h ich  b e lo n g s  to
an i n f i n i t e  number o f  th e  m easurab le  s e t s  G, # G ^ . G — , th e  s e t  H i s  
m easurab le•
THEOBSM I f  K i s  th e  s e t  o f  p o in t s  ea o h  o f  w h ich  b e lo n g s  to
a l l  the m easu rab le  s e t s  G ^ ,G ^ . , . - —  .w here h a s  a  d e f i n i t e  v a lu e  f o r
eaoh p o in t  o f  K .th e  s e t  K i s  m ea su ra b le .
THaORiaa: 2 4 .  i f  G i s  th e  in n e r  l i m i t i n g  s e t  o f  a  sequ en oe £g^ | 
o f  m easurable s e t s  G ^ .e a o h  o f  w hioh c o n ta in s  th e  n e x t ,t h e n
m(G^ ) =  l im i t̂ m(G wv) •
TgggggWUgS. I f  G ^  i s  th e  o u te r  l i m i t i n g  s e t  o f  a  sequenoe  
Of m easurable s e t s  G ^ .e a o h  o f  w hioh i s  o o n ta in ed  in  th e  n e x t ,  
and i f  G ^  i s  a  bounded s e t ,  m (G ^ ) — m ( G ^ .
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A fu n o t io n  f ( x ) » d e f ln e d  in  any in t e r v a l  ( a .b )  , i s  s a id  to  be 
m easurable «provided th a t  « fo r  e v e r y  v a lu e  o f  A «the s e t  o f  p o i n t s  x « o f  
(a « b )« a t  « h io h  f ( x )  >  A « is  a  m easurab le  s e t  o f  p o i n t s .
2 6 .  I f  f ( x )  i s  a  m easu rab le  f u n o t io n ,d e f in e d  a t  eaoh  
p o in t  o f  a  g iv e n  d om ain .th e  s e t  o f  p o in t s  f o r  w h ioh  A <  f ( x )  < 5 ;
A a  f i x )  <  Bj A a  f  (x j  =  5 ;  f ( x j  <  A; f ( x j  à  A a r e  a l l  m easu rab le  «what­
e v e r  r e a l  numbers A and B may d en o te  «prov id ed  A <  B .
PBOOFs L et A have th e  v a lu e s  —N, «—N^*—  - N ^ « — « s u o o e s s l v e l y «
o f  a  sequenoe suoh th a t  N ^ in o r e a s e s  i n d e f i n i t e l y  a s  o o  .  The s e t
« for  w hioh  fC xl >  - K ^ . l s  m ea su r a b le , by hypo th e  s i s  « fo r  e v e r y  v a lu e  o f
/»w. The dom ain f o r  w h ioh  f ( x )  i s  d e f in e d  i s  th e  o u te r  l i m i t i n g  s e t  o f  
the sequenoe . o f  m easurab le  s e t s .a n d  i s  th e r e fo r e  m easu rab le  by
Theorem 2 6 . The s e t  o f  p o in t s  f o r  w h ioh  f ( x l  ^  A .b e in g  oom plem entary«re­
l a t i v e l y  to  th e  domain o f  th e  f u n o t io n ,t o  th e  m easurab le  s e t  f o r  w hioh  
f ( x )  >  A , l s  m ea su ra b le . I f  £ a ^ 1 i s  a  monotone in o r e a s in g  sequ en oe o f  
numbers o o n v e r g in g  to  A ,a l l  th e  s e t s  f o r  w hioh f ( x )  ±  A ^  are  m easur­
a b le ,a n d  t h e i r  o u te r  l i m i t i n g  s e t , f o r  w hioh  f ( x j  < A « is  o o n se q u e n tly  
m ea su r a b le . The s e t s  f o r  sdxioh f ( x )  <  A and f ( x )  1  A b e in g  m easurab le  « 
i t  f o l lo w s  th a t  th e  s e t s  f o r  w h ich  f ( x }  =  A i s  m ea su ra b le . The s e t  
f ( x )  =  A i s  I d e n t io a l  w ith  th e  s e t  f ( x i  <  B . The s e t s  f o r  w hioh  f ( x |  < B 
and f ( x l  <  A b e in g  m e a s u r a b le ,th e ir  d i f f e r e n o e . t h e  s e t  f o r  w hioh  
A S f ( x J  <  B « is  a l s o  m ea su r a b le . The s e t  f o r  w hioh  A < f ( x )  <  B i s  th en
41
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m easu rab le  a s  i s  th e  s e t  f o r  w hioh A i  f ( x )  1  b ,
SEùl5iÛSSL.SZ« A fu n c t io n  f ( x j  i s  m easurable  i f  th e  s e t  o f  p o in t s  
X I s  m easurab le  « fo r  whioh < f ( x )  <  0  « fo r  e v e r y  p a ir  «-< « (S «o f r e a l  
numbers w hich  b e lo n g  to  a  g iv e n  s e t  «everyw here d en se  in  th e  i n d e f i n i t e  
in t e r v a l  ( —»<»« o o  I • The g iv e n  s e t  may be tak en  to  be en u m erab le .
.SBQ.QJE: L et a  and B be any r e a l  numbers suoh th a t  A < B . The
number A oan be e x p r e sse d  a s  th e  t ^ e r  l i m i t  o f  a  sequenoe  ̂ ^ J  o f
in o r e a s in g  n u m b ers«a ll o f  w h ich  b e lo n g  to  th e  everyw here d en se  s e t ;  and 
the number B oan be ta k en  to  be th e  lo w e r  l i m i t  o f  a  sequenoe £ {S ^ }  o f  
d im in ish in g  num bers. The s e t  f o r  w hioh  <  f ( x )  <  ^  ^  i s  mea­
su rab le  f o r  eaoh  v a lu e  o f  /ru by th e  p r e c e d in g  th eorem . The in n e r  l i m i t »  
in g  s e t  £ o f  th e  sequ en ce i s  th e  s e t  f o r  w hioh  A ^  f ( x )  — B ,and
t h i s  s e t  i s  c o n se q u e n tly  m ea su r a b le . S in o e  t h i s  i s  th e  o a se  w h a tev er  
v a lu e s  A and B may h a v e « f(x )  i s  m e a su r a b le .
theorjM  2 8 .  i f  ^  i s  a  f i n i t e  s e t  o f  f u n o t io n s
th a t  are m easurable in  a  m easu rab le  domain«and i f  F( ,  d*& , - - - - 
i s  a  fu n o t io n  th a t  i s  o o n tin u o u s  r e l a t i v e l y  to  ( - -  • - f o r
a l l  v a lu e s  o f  0 , ^  -----(^ ^ « th e n  FC i s  m ea su ra b le
in  the g iv e n  dom ain.
PROOF : ( f o r  bounded fu n o t io n s )  Suppose th e  v a lu e s  o f
are  in  th e  in t e r v a l  ( -N ,K ) .  L e t a  p a r t i t i o n  (o ^ « o ,« — o ^  
be f i t t e d  on to  th e  in t e r v a l  «where o » =  -K , IT,and suppose
th e  b read th  o ^ — o ^ .j o f  eaoh  in t e r v a l  i s  l o s s  th an  \  • L e t th e  
fx m o tio n  "VCL be d e f in e d  «correspond in g  to  eaoh  fu n o t io n
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by th© o o n d it io n s  VOu »  a t  e v er y  p o in t  a t  w hioh o ^ _ , 6  o^^,,
f o r  /V  #  1 , 2 , -----/m. — I ,a n d  "Yl* =  o ^  where a  o ^ .  Then
O % 0 ^  — V ^ <  :|^,and th© fu n o t io n  V 7*. ta k in g  o n ly  th e  v a lu e s  in  th©
f i n i t e  s e t  o ^ ,o ^ , . i s  m easurab le  in  the g iv e n  domain* E lnoe
P( ------ ) i s  o o n tin u o u s  in  th e  o lo s e d  do ma i n , ( —  ;IT ,N ,-)
\ 0 1 j  ---- ) — F(  I  <  G .p r o v id e d  >2, i s
taken s u f f i c i e n t l y  s m a ll;  6  b e in g  a r b i t r a r i l y  c h o s e n . The f u n c t io n
F{  V ^ J  h a s o n ly  a  f i n i t e  s e t  o f  v a lu e s ,a n d  i s  m e a su r a b le .
I f  U and li are  i t s  t^ p e r  and lo w er  b o u n d a r ie s ,r e s p e c t iv e ly ,w e  have  
L — € <  P( -  -  -  0 ^ }  <  U -f" 6  in  th e  w hole dom ain . L e t A and
B be any two numbers in  th e  in t e r v a l  (L ,U );  th en  th e  s e t  o f  p o in t s  f o r  
which A < F{ -  —  VC^l <  S i s  m ea su r a b le . L et €• have s u o o e s s -
Iv e ly  the v a lu e s  in  a  sequ en ce i  w h ich  o o n v erg es  to  z e r o ;  th en  
th ere  e x i s t s  a  c o rr esp o n d in g  sequence £ J . o f  v a lu e s  o f  ^ ,w h ioh  
co n v erg es to  z e r o .  The s e t  o f  p o in t s  5 ^  , f o r  w hich
A < P( ------- "YCL) < B , i s  m easurable f o r  eaoh v a lu e  o f  in  f
jSach p o in t  o f  th e  s e t  f o r  w hich A < P( 0 » ^  0 ^ )  < B b e lo n g s  to
a l l  th e  m easurable s e t s  ,from  and a f t e r  some p a r t io u la r  v a lu e  o f  , 
and th e r e fo r e  th e  s e t  i s  m easurable by Theorem 2 3 . Henoe 
H  0 ,  0 , .  I s  m easurable in  the g iv e n  dom ain.
From the p r e c e d in g  we may s t a t e :
nnrp.jrvBt.ju P.Q. The sum ,or the p r o d u c t ,o f  any f i n i t e  number o f  
m easu rab le  fu n o t io n s ,d e f in e d  in  a m easurable d o m a in ,is  a  m easurable  
f u n c t io n .
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Lebgsgue I n te g r a l  M  A M easurable F unotion
L e t f ( x )  — I a t  a l l  p o in t s  o f  a  m easurable s e t  €ï. • The measure 
m[ e  ) i s  sa id  to  d e f in e  th e  in t e g r a l  f  C r)  , o f  the fu n o tio n
f (x } » o v e r  th e  s e t  G. • I f  o i s  any number and f ( x )  s  o a t  a l l  p o in t s  o f  
Ô ,th e n  f  i s  d e f in e d  to  be the number om( e .  ) •  F e x t  l e t
 be a  f i n i t e  number o f  m easurable s e t s .n o  two o f  whioh
have a  p o in t  in  oommon* L et f ( x )  = o ^  a t  the p o in t s  o f  e ^ , f o r
^ * 1 , 2 , —  /M. ; where------------------o ^  are a ss ig n e d  numbers* Then i f  B
d e n o te s  th e  s e t  C, -/• + -------- -h e -^ .th e  in t e g r a l  i s
d e f in e d  a s  th e  sum ^  o ^ m ( e ^ ) *  N ext l e t  f ( x )  be a  m easurable
fu n o t io n ,d e f in e d  f o r  the p o in t s  o f  a  m easurable s e t  £  «and bounded in  
th a t  s e t*  L et U and L d en ote  th e  upper and low er b o u n d a r ie s ,r e sp e o t iv e -  
l y , o f  f ( x )  in  £  * L et th e  I n te r v a l  (L«U) be d iv id e d  in to  /yv, p a r ts
la ^ ,a ,  ) , ( a ,  ,a^ ) , -----(a ^ _ , ,a  ; where a ^ =  L , a ^ =  U,and suoh th a t  the
g r e a t e s t  o f  th e se  p a r ts  a ^ — a^_^ < ^ I =  1 * 2 ,-------/i^)* L et 0 ^ b e
th a t  p a r t  o f  £  f o r  a l l  p o in t s  o f  w hioh a ^  % f { x )  <r a  ^w here
1 , 2 , -m - i .  L e t e ^ b e  th a t  p a r t  fo r  w hioh a^_^ % f ( x )  1  a ^ .
L et ( x j  be th e  fu n o t io n  w hioh h a s  th e  v a lu e  a a t  a l l  p o in t s  o f
, f o r  A .-a  1 , 2 ,  /vu Î and l e t  (x)  be th e  fu n o tio n  whioh has the
v a lu e  a ^  a t  a l l  p o in t s  o f  , f o r  A , = 1 , 2 ,  /v^ • T hen ,aooord ing to
th e  d e f i n i t i o n  g iv e n  a b o v e ,
and (JO ^  ̂  m  C S  .
44
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T h erefore  o  < f  y r  CkJ  ^  ^  ^  m  C ^ )  ■
“  f  f  ^
I f  « e  a e e lg n  to  ^  ,s u o o e s 8 lveX y»th e  v a lu e s  in  a  sequ en oe £  ^  o f
d im in ish in g  n u m b ers,fo r  w h ich  o  a s  r̂m œ  , i t  i s  s e e n  t h a t
^  d o es  n o t  d im in ish ,a n d  th a t  C ̂  ̂
does n o t in c r e a se  a s  /m . -»  » o  • T hese two s e t s  c o n se q u e n tly  co n v erg e
to  a common l i m i t .  Hence l im .  jT  <3^- C y ) ^  — l im .  jCL, “VC C y J ^^
i s  d e fin e d  to  he th e  v a lu e  o f  th e  L ehesgue I n t e g r a l  /L  -f- C x )  ,
o f  f ( x ) , ta k en  o v er  th e  m easurahle s e t  E" .  That th e  number so  d e f in e d  
i s  in d ep en d en t o f  th e  p a r t ic u la r  mode in  w h ich  th e  in t e r v a l  (L,U)  i s  
su b d iv id ed  may be proved a s  f o l lo w s :  L et 0  ( x ) ,  (x)  be th e
fu n c t io n s  w h ich  c o r r e ^ o n d , in  a  second mode o f  s u b d iv is io n ,t o  <9  ̂^  ( x ) ,  
( z )  d e f in e d  a b o v e . There i s  no l o s s  o f  g e n e r a l i t y  in  ta k in g  the  
sequence J  to  be th e  same in  th e  two c a s e s .  Eigopose th e  two sub­
d i v i s i o n s  o f  ( L , U )  .c o r r e sp o n d in g  to  , t o  be superim posed ,and l e t
3  Cx) be th e  fu n c t io n  co rresp o n d in g  to  4>». (x )  and 0  ( x ) .
Then °  =  f u j  f -  ”
a»d ^  ^  f -
AS a o ,  2  ml 0  ) 0 ; and th e r e fo r e
iT L  ^  V  ■
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